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Metric-Affine Manifold
Aleks Kleyn
Abstract. We call a manifold with torsion and nonmetricity the metric-affine
manifold. The nonmetricity leads to a difference between the auto parallel line
and the extreme line, and to a change in the expression of the Frenet transport
and moving basis. The torsion leads to a change in the Killing equation. We
also need to add a similar equation for the connection.
The analysis of the Frenet transport leads to the concept of the Cartan
transport and an introduction of the connection compatible with the metric
tensor. The dynamics of a particle follows to the Cartan transport. We need
additional physical constraints to make a nonmetricity observable.
1. Torsion Tensor in general relativity
Close relationship between the metric tensor and the connection is the basis of
the Riemann geometry. At the same time, connection and metric as any geomet-
rical object are objects of measurement. When Hilbert derived Einstein equation,
he introduced the lagrangian where the metric tensor and the connection are inde-
pendent. Later on, Hilbert discovered that the connection is symmetric and fonud
dependence between connection and metric tensor. One of the reasons is in the
simplicity of the lagrangian.
Since an errors of measurement are inescapable, analysis of quantum field theory
shows that either symmetry of connection or dependence between connection and
metric may be broken. This assumption leads to metric-affine manifold which is
space with torsion and nonzero covariant derivative of metric (section 2). Inde-
pendence of the metric tensor and the connection allows us to see which object is
responsible for different phenomenon in geometry and therefore in physics. Even
we do not prove empirically existence of torsion and nonmetricity we see here very
interesting geometry.
The metric-affine manifold appears in different physical applications. It is very
important to understand what kind of geometry of this space is, how torsion in-
fluences on physical phenomena. This is why small group of physicists continue to
study gravitation theory with torsion [1, 2, 3, 4, 5].
In particular we have two different definitions of a geodesic curve in the Riemann
manifold. We consider a geodesic curve either as line of extreme length (such line is
called extreme), or as line such that tangent vector keep to be tangent to line during
parallel transfer (such line is called auto parallel). Nonmetricity means that parallel
transport does not conserve a length of vector and an angle between vectors. This
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leads to a difference between definitions of auto parallel and extreme lines ([6] and
section 5) and to a change in the expression of the Frenet transport. The change
of geometry influences the second Newton law which we study in section 11. I
show in theorems 10.1 and 11.1 that a free falling particle chooses an extreme line
transporting its momentum along the trajectory without change.
Patern of the Newton second law depends on choice of potential. In case of scalar
potential the Newton second law holds the relationship between force, mass and
acceleration. In case of vector potential analysis of motion in a gravitational field
shows that the field-strength tensor depends on the derivative of the metric tensor.
Nonmetricity dramatically changes law how orthogonal basis moves in space
time. However learning of parallel transport in space with nonmetricity allows us
to introduce the Cartan transport and an introduction of the connection compat-
ible with the metric tensor (section 10). The Cartan transport holds the basis
orthonormal and this makes it valuable tool in dynamics (section 11) because the
observer uses an orthonormal basis as his measurement tool. The dynamics of a
particle follows to the Cartan transport. The question arises from this conclusion.
We can change the connection as we show in section 10. Why we need to learn
manifolds with an arbitrary connection and the metric tensor? The learning of the
metric-affine manifold shows why everything works well in the Riemann manifold
and what changes in a general case. What kind of different physical phenomena
may result in different connections? Physical constraints that appear in a model
may lead to appearance of a nonmetricity [4, 7, 8]. Because the Cartan transport is
the natural mechanism to conserve orthogonality we expect that we will interpret
a deviation of the test particle from the extreme line as a result of an external to
this particle force1. In this case the difference between two types of a transport
becomes measurable and meaningful. Otherwise another type of a transport and
nonmetricity are not observable and we can use only the transport compatible with
metric.
I see here one more opportunity. As follows from the paper [7] the torsion
may depend on quantum properties of matter. However the torsion is the part
of the connection. This means that the connection may also depend on quantum
properties of matter. This may lead to breaking of the Cartan transport. However
this opportunity demands additional research.
The effects of torsion and a nonmetricity are cumulative. They may be small but
measurable. We can observe their effects not only in strong fields like black hole
or Big Bang but in regular conditions as well. Studying geometry and dynamics
of point particle gives us a way to test this point of view. There is mind to test
this theory in condition when spin of quantum field is accumulated. We can test a
deviation from second Newton law or measure torsion by observing the movement
of two different particles.
1For instance if we extend the definition (11.2) of a force to a general case (11.1) we can
interpret a deviation of a charged particle in electromagnetic field as result of the force
F j =
e
cu0
gijFliu
l
The same way we can interpret a deviation of the auto parallel line as the force
F i = −
mc
u0
Γ(C)iklu
kul
I remind that the Cartan symbol is the tensor
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To test if the spacetime has the torsion we can test the opportunity to build a
parallelogram in spacetime. We can get two particles or two photons that start
their movement from the same point and using a mirror to force them to move
along opposite sides of the parallelogram. We can start this test when we do not
have quantum field and then repeat the test in the presence of quantum field. If
particles meet in the same place or we have the same interference then we have
torsion equal 0 in this thread. In particular, the torsion may influence the behavior
of virtual particles.
2. Metric-affine Manifold
For connection [11]-(4.2) we defined the torsion form
(2.1) T a = d2xa + ωab ∧ dx
b
From [11]-(4.2) it follows
(2.2) ωab ∧ dx
b = (Γabc − Γ
a
cb)dx
c
∧ dxb
Putting (2.2) and [11]-(4.14) into (2.1) we get
(2.3) T a = T acbdx
c
∧ dxb = −cacbdx
c
∧ dxb + (Γabc − Γ
a
cb)dx
c
∧ dxb
where we defined torsion tensor
(2.4) T acb = Γ
a
bc − Γ
a
cb − c
a
cb
Commutator of second derivatives has form
(2.5) uα;kl − u
α
;lk = R
α
βlku
β
− T
p
lku
α
;p
From (2.5) it follows that
(2.6) ξa;cb − ξ
a
;bc = R
a
dbcξ
d
− T
p
bcξ
a
;p
In Rieman space we have metric tensor gij and connection Γ
k
ij . One of the
features of the Rieman space is symetricity of connection and covariant derivative of
metric is 0. This creates close relation between metric and connection. However the
connection is not necessarily symmetric and the covariant derivative of the metric
tensor may be different from 0. In latter case we introduce the nonmetricity
(2.7) Qijk = g
ij
;k = g
ij
,k + Γ
i
pkg
pj + Γjpkg
ip
Due to the fact that derivative of the metric tensor is not 0, we cannot raise or
lower index of a tensor under derivative as we do it in regular Riemann space. Now
this operation changes to next
ai;k = g
ijaj;k + g
ij
;kaj
This equation for the metric tensor gets the following form
gab;k = −g
aigbjgij;k
Definition 2.1. We call a manifold with a torsion and a nonmetricity themetric-
affine manifold [1]. 
If we study a submanifold Vn of a manifold Vn+m, we see that the immersion
creates the connection Γαβγ that relates to the connection in manifold as
Γαβγe
l
α = Γ
l
mke
m
β e
k
γ +
∂elβ
∂uγ
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Therefore there is no smooth immersion of a space with torsion into the Riemann
space.
3. Geometrical Meaning of Torsion
Suppose that a and b are non collinear vectors in a point A (see figure 3.1).
We draw the geodesic La through the
point A using the vector a as a tan-
gent vector to La in the point A. Let
τ be the canonical parameter on La
and
dxk
dτ
= ak
We transfer the vector b along the
geodesic La from the point A into a
point B that defined by any value of
the parameter τ = ρ > 0. We mark
the result as b′.
We draw the geodesic Lb through the
point A using the vector b as a tan-
gent vector to Lb in the point A. Let
ϕ be the canonical parameter on Lb
and
dxk
dϕ
= bk
We transfer the vector a along the
geodesic Lb from the point A into a
point D that defined by any value of
the parameter ϕ = ρ > 0. We mark
the result as a′.
We draw the geodesic Lb′ through
the point B using the vector b′ as a
tangent vector to Lb′ in the point B.
Let ϕ′ be the canonical parameter on
Lb′ and
dxk
dϕ′
= b′k
We define a point C on the geodesic
Lb′ by parameter value ϕ
′ = ρ
We draw the geodesic La′ through
the point D using the vector a′ as a
tangent vector to La′ in the point D.
Let τ ′ be the canonical parameter on
La′ and
dxk
dτ ′
= a′k
We define a point E on the geodesic
La′ by parameter value τ
′ = ρ
Formally lines AB andDE as well as lines AD andBC are parallel lines. Lengths
of AB and DE are the same as well as lengths of AD and BC are the same. We
call this figure a parallelogram based on vectors a and b with the origin in the
point A.
Theorem 3.1. Suppose CBADE is a parallelogram with a origin in the point
A; then the resulting figure will not be closed [6]. The value of the difference of
coordinates of points C and E is equal to surface integral of the torsion over this
parallelogram2
∆CEx
k =
∫∫
T kmndx
m
∧ dxn
Proof. We can find an increase of coordinate xk along any geodesic as
∆xk =
dxk
dτ
τ +
1
2
d2xk
dτ2
τ2 +O(τ2) =
=
dxk
dτ
τ −
1
2
Γkmn
dxm
dτ
dxn
dτ
τ2 +O(τ2)
where τ is canonical parameter and we take values of derivatives and components
Γkmn in the initial point. In particular we have
∆ABx
k = akρ−
1
2
Γkmn(A)a
manρ2 +O(ρ2)
2Proof of this statement I found in [9]
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Figure 3.1. Meaning of Torsion
along the geodesic La and
(3.1) ∆BCx
k = b′kρ−
1
2
Γkmn(B)b
′mb′nρ2 +O(ρ2)
along the geodesic Lb′ . Here
(3.2) b′k = bk − Γkmn(A)b
mdxn +O(dx)
is the result of parallel transfer of bk from A to B and
(3.3) dxk = ∆ABx
k = akρ
with precision of small value of first level. Putting (3.3) into (3.2) and (3.2) into
(3.1) we will receive
∆BCx
k = bkρ− Γkmn(A)b
manρ2 −
1
2
Γkmn(B)b
mbnρ2 +O(ρ2)
Common increase of coordinate xK along the way ABC has form
∆ABCx
k = ∆ABx
k +∆BCx
k =
(3.4) = (ak + bk)ρ− Γkmn(A)b
manρ2−
−
1
2
Γkmn(B)b
mbnρ2 −
1
2
Γkmn(A)a
manρ2 +O(ρ2)
Similar way common increase of coordinate xK along the way ADE has form
∆ADEx
k = ∆ADx
k +∆DEx
k =
(3.5) = (ak + bk)ρ− Γkmn(A)a
mbnρ2−
−
1
2
Γkmn(D)a
manρ2 −
1
2
Γkmn(A)b
mbnρ2 +O(ρ2)
From (3.4) and (3.5), it follows that
∆ADEx
k
−∆ABCx
k =
= Γkmn(A)b
manρ2 +
1
2
Γkmn(B)b
mbnρ2
1
+
1
2
Γkmn(A)a
manρ2
2
−
−Γkmn(A)a
mbnρ2 −
1
2
Γkmn(D)a
manρ2
2
−
1
2
Γkmn(A)b
mbnρ2
1
+O(ρ2)
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For small enough value of ρ underlined terms annihilate each other and we get
integral sum for expression
∆ADEx
k
−∆ABCx
k =
∫∫
Σ
(Γknm − Γ
k
mn)dx
m
∧ dxn
However it is not enough to find the difference
∆ADEx
k
−∆ABCx
k
to find the difference of coordinates of points C and E. Coordinates may be anholo-
nomic and we have to consider that coordinates along closed loop change [11]-(4.15)
∆xk =
∮
ECBADE
dxk = −
∫∫
Σ
ckmndx
m
∧ dxn
where c is anholonomity object.
Finally the difference of coordinates of points C and E is
∆CEx
k = ∆ADEx
k
−∆ABCx
k +∆xk =
∫∫
Σ
(Γknm − Γ
k
mn − c
k
mn)dx
m
∧ dxn
Using (2.4) we prove the statement. 
4. Relation between Connection and Metric
Now we want to find how we can express connection if we know metric and
torsion. According to definition
−Qkij = gij;k = gij,k − Γ
p
ikgpj − Γ
p
jkgpi
−Qkij = gij,k − Γ
p
ikgpj − Γ
p
kjgpi − S
p
jkgpi
We move derivative of g and torsion to the left-hand side.
(4.1) gij,k +Qkij − S
p
jkgpi = Γ
p
ikgpj + Γ
p
kjgpi
Changing order of indexes we write two more equations
(4.2) gjk,i +Qijk − S
p
kigpj = Γ
p
jigpk + Γ
p
ikgpj
(4.3) gki,j +Qjki − S
p
ijgpk = Γ
p
kjgpi + Γ
p
jigpk
If we substruct equation (4.1) from sum of equations (4.2) and (4.1) we get
gki,j + gjk,i − gij,k +Qijk +Qjki −Qkij − S
p
ijgpk − S
p
kigpj + S
p
jkgpi = 2Γ
p
jigpk
Finally we get
Γpji =
1
2
gpk(gki,j + gjk,i − gij,k +Qijk +Qjki −Qkij − S
r
ijgrk − S
r
kigrj + S
r
jkgri)
6
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5. Line with Extreme Length
There are two different definitions of a geodesic curve in the Riemann manifold.
One of them relies on the parallel transport. We call an appropriate line auto
parallel. Another definition depends on the length of trajectory. We call an
appropriate line extreme. In a metric-affine manifold these lines have different
equations [6]. Equation of auto parallel line does not change. However, the equation
of extreme line changes3.
Theorem 5.1. Let xi = xi(t, α) be a line depending on a parameter α with fixed
points at t = t1 and t = t2 and we define its length as
(5.1) s =
∫ t2
t1
√
gij
dxi
dt
dxj
dt
dt
Then
(5.2) δs =
∫ t2
t1
(
1
2
(gkj;i − gik;j − gij;k)
dxk
ds
dxj
ds
ds− gijD
dxj
ds
)
δxi
where δxk is the change of a line when α changes.
Proof. We have
ds
dt
=
√
gij
dxi
dt
dxj
dt
and
δs =
∫ t2
t1
δ
(
gij
dxi
dt
dxj
dt
)
2 ds
dt
dt
We can estimate the numerator of this fraction as
gij,kδx
k dx
i
dt
dxj
dt
+ 2gijδ
dxi
dt
dxj
dt
=
= gij;kδx
kdxidt
dxj
dt
+ 2gijΓ
i
lkδx
k dx
l
dt
dxj
dt
+ 2gijd
δxi
dt
dxj
dt
=
= gij;kδx
k dx
i
dt
dxj
dt
+ 2gij
Dδxi
dt
dxj
dt
and we have
δs =
∫ t2
t1
gij;kδx
kdxi dx
j
dt
+ 2gijDδx
i dx
j
dt
2 ds
dt
=
∫ t2
t1
(
1
2
gij;kδx
kdxi
dxj
ds
+ gijDδx
i dx
j
ds
)
=
∫ t2
t1
(
1
2
gkj;iδx
i dx
k
ds
ds
dxj
ds
+ d
(
gijδx
i dx
j
ds
)
− gij;k
dxk
ds
ds
dxj
ds
δxi − gijD
dxj
ds
δxi
)
=
(
gijδx
i dx
j
ds
)∣∣∣∣
t2
t1
+
∫ t2
t1
(
1
2
(gkj;i − gij;k − gik;j)
dxk
ds
dxj
ds
ds− gijD
dxj
ds
)
δxi
First term is 0 because points, when t = t1 and t = t2, are fixed. Therefore, we
have got the statement of the theorem. 
3To derive the equation (5.3) I follow the ideas that Rashevsky [10] implemented for the
Riemann manifold
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Theorem 5.2. An extreme line satisfies equation
(5.3)
D dx
l
ds
ds
=
1
2
gil (gkj;i − gik;j − gij;k)
dxk
ds
dxj
ds
Proof. To find a line with extreme length we use the functional (5.1). Since δs = 0,
1
2
(gkj;i − gij;k − gik;j)
dxk
ds
dxj
ds
ds− gijD
dxj
ds
= 0
follows from (5.2). 
Theorem 5.3. Parallel transport along an extreme line holds length of tangent
vector.
Proof. Let
vi =
dxi
ds
be the tangent vector to extreme curve. From theorem 5.2 it follows that
Dvl
ds
= gil
1
2
(gkj;i − gik;j − gij;k) v
kvj
and
Dgklv
kvl
ds
=
Dgkl
ds
vkvl + gkl
Dvk
ds
vl + gklv
kDv
l
ds
=
= gkl;pv
pvkvl+
+gklg
ik 1
2
(grj;i − gir;j − gij;r) v
rvjvl + gklv
kgil
1
2
(grj;i − gir;j − gij;r) v
rvj =
= gkl;pv
pvkvl + (grj;l − glr;j − glj;r) v
rvjvl = 0
Therefore length of the vector vi does not change along extreme curve. 
6. Frenet Transport
All equations that we derived before are different, however they have something
common in their structure. All these equations express movement along a line and
in the right side of them we can see the curvature of this line.
By definition curvature of a line is
ξ(s) =
∣∣∣∣∣
D dx
l
ds
ds
∣∣∣∣∣
Therefore we can introduce unit vector e1 such that
D dx
l
ds
ds
= ξel1
Knowledge of the transport of a basis along a line is very important, because it
allows us to study how spacetime changes when an observer moves through it. Our
task is to discover equations similar to the Frenet transport in the Riemann space.
We design the accompaniment basis νik the same way we do it in the Riemann
space.
Vectors
ξi(t) =
dxi(t)
dt
,
Dξi
dt
, ...
Dn−1ξi
dtn−1
8
Aleks Kleyn
Metric-Affine Manifold
in general are linearly independent. We call plane that we create on the base of
first p vectors as p-th osculating plane Rp. This plane does not depend on choice
of parametr t.
Our next task is to create orthogonal basis which shows us how line changes.
We get vector νi1 ∈ R1 so it is tangent to line. We get vector ν
i
p ∈ Rp, p > 1 such
that νip is orthogonal to Rp−1. If original line is not isotropic then each ν
i
p also is
not isotropic and we can get unit vector in the same direction. We call this basis
accompaniment.
Theorem 6.1. The Frenet transport in the metric-affine manifold gets the form
Dνip
dt
=
1
2
gim(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
p−
−ǫpǫp−1ξp−1ν
i
p−1 + ξpν
i
p+1
(6.1)
ǫk = sign(gpqν
p
kν
q
k)
Here νak is vector of basis, moving along line,
ǫk = sign(gpqν
p
kν
q
k)
Proof. We introduce vectors νak in this way that
(6.2)
Dνip
dt
=
1
2
gim(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
p + a
q
pν
i
q
where aqp = 0 when q > p + 1. Now we can determine coefficients a
q
p. If we get
derivative of the equation
gijν
i
pν
j
q = const
and substitute (6.2) we get the equation
dgijν
i
aν
j
b
ds
=
Dgij
ds
νiaν
j
b + gij
Dνia
ds
ν
j
b + gijν
i
a
Dν
j
b
ds
=
= gij;kν
k
1 ν
i
aν
j
b+
+gij(
1
2
gim(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
a + a
q
aν
i
q)ν
j
b+
+gijν
i
a(
1
2
gjm(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
b + a
q
bν
i
q) =
= gij;kν
k
1 ν
i
aν
j
b+
+gij
1
2
gim(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
aν
j
b + gija
q
aν
i
qν
j
b+
+gijν
i
a
1
2
gjm(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
b + gijν
i
aa
q
bν
i
q =
=
1
2
νk1 ν
i
aν
j
b (2gij;k + gki;j − gkj;i − gji;k + gkj;i − gki;j − gij;k)+
+ǫba
b
a ++ǫaa
a
b = 0
aqp = 0 when q > p + 1 by definition. Therefore a
q
p = 0 when q < p − 1.
Introducing ξp = a
p+1
p we get
a
p
p+1 = −ǫpǫp+1ξp
When q = p we get
app = 0
We get (6.1) when substitute aqp in (6.2). 
9
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7. Lie Derivative
Vector field ξk on manifold generates infinitesimal transformation
(7.1) x′k = xk + ǫξk
which leads to the Lie derivative. Lie derivative tells us how the object changes
when we move along the vector field.
Theorem 7.1. Lie derivative of metric has form
(7.2) Lξgab = ξ
k
;<a>gkb + ξ
k
;<b>gka + T
l
kaglbξ
k + T lkbglaξ
k + gab;<k>ξ
k
Proof. We start from transformation (7.1). Then
gab(x
′) = gab(x) + gab,cǫξ
c
g′ab(x
′) =
∂xc
∂x′a
∂xd
∂x′b
gcd(x)
= gab − ǫξ
c
,agcb − ǫξ
c
,bgac
According to definition of Lie derivative we have
Lξgab = gab(x
′)− g′ab(x
′)
= gab,cǫξ
c + ǫξc,agcb + ǫξ
c
,bgac
= (gab;<c> + Γdacgdb + Γ
d
bcgad)ǫξ
c
+ ǫ(ξc;<a> − Γ
c
daξ
d)gcb + ǫ(ξ
c
;<b> − Γ
c
dbξ
d)gac
Lξgab = gab;<c>ξ
c + Γdacgdbξ
c + Γdbcgadξ
c
+ ξc;<a>gcb − Γ
c
daξ
dgcb + ξ
c
;<b>gac − Γ
c
dbξ
dgac
(7.3)
(7.2) follows from (7.3) and (2.4). 
Theorem 7.2. Lie derivative of connection has form
(7.4) LξΓ
a
bc = −R
a
bcpξ
p
− T abp;<c>ξ
p
− T abeξ
e
;<c> + ξ
a
;<bc>
Proof. We start from transformation (7.1). Then
Γabc(x
′) = Γabc(x
′) +Aabc(x
′)
= Γabc(x) + Γ
a
bc,pǫξ
p +Aabc(x) +A
a
bc,pǫξ
p
= Γabc(x) + Γ
a
bc,pǫξ
p
(7.5)
Γ′abc(x
′) = Γ′abc(x
′) +A′abc(x
′)
=
∂x′a
∂xe
∂xf
∂x′b
∂xg
∂x′c
Γefg(x) +
∂x′a
∂xe
∂2xe
∂x′b∂x′c
+
∂x′a
∂xe
∂xf
∂x′b
∂xg
∂x′c
Aefg(x)
= Γabc + ǫξ
a
,eΓ
e
bc − ǫξ
e
,bΓ
a
ec − ǫξ
e
,cΓ
a
be + (δ
a
e + ǫξ
a
,e)(−ǫξ
e
,cb))
+Aabc + ǫξ
a
,eA
e
bc − ǫξ
e
,bA
a
ec − ǫξ
e
,cA
a
be
(7.6) Γ′abc(x
′) = Γabc + ǫξ
a
,eΓ
e
bc − ǫξ
e
,bΓ
a
ec − ǫξ
e
,cΓ
a
be − ǫξ
a
,cb
By definition
ξa;<e> = ξ
a
,e + Γ
a
peξ
p
(7.7) ξa,e = ξ
a
;<e> − Γ
a
peξ
p
10
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ξa;<ef> = ξ
a
;<e>,f + Γ
a
pfξ
p
;<e> − Γ
p
efξ
a
;<p>
= ξa,ef + Γ
a
pe,fξ
p + Γapeξ
p
,f + Γ
a
pfξ
p
;<e> − Γ
p
efξ
a
;<p>
= ξa,ef + Γ
a
pe,fξ
p + Γapeξ
p
;<f> − Γ
a
peΓ
p
rfξ
r + Γapfξ
p
;<e> − Γ
p
ef ξ
a
;<p>
(7.8) ξa,ef = ξ
a
;<ef> − Γ
a
pe,f ξ
p
− Γapeξ
p
;<f> + Γ
a
peΓ
p
rfξ
r
− Γapfξ
p
;<e> + Γ
p
efξ
a
;<p>
We substitute (7.8) and (7.7) into (7.6) and get
Γ′abc(x
′)
= Γabc + ǫ(ξ
a
;<e>
4:T
− Γapeξ
p)Γebc − ǫ(ξ
e
;<b>
2
− Γepbξ
p
1
)Γaec − ǫ(ξ
e
;<c>
3:T
− Γepcξ
p)Γabe
− ǫ(ξa;<cb> − Γ
a
pc,bξ
p
− Γapcξ
p
;<b>
2
+ ΓapcΓ
p
rbξ
r
1
− Γapbξ
p
;<c>
3
+ Γpcbξ
a
;<p>
4
)
(7.9) Γ′abc(x
′) = Γabc+ǫ(ξ
a
;<e>T
e
cb−Γ
a
peξ
pΓebc+ξ
e
;<c>T
a
be+Γ
e
pcξ
pΓabe−ξ
a
;<cb>+Γ
a
pc,bξ
p)
According definition of Lie derivative we have using (7.5) and (7.9)
LξΓabc = (Γ
a
bc(x
′)− Γ′abc(x
′))ǫ−1
= (Γabc + Γ
a
bc,pǫξ
p
− Γabc − ǫ(ξ
a
;<e>T
e
cb − Γ
a
peξ
pΓebc + ξ
e
;<c>T
a
be + Γ
e
pcξ
pΓabe − ξ
a
;<cb> + Γ
a
pc,bξ
p))ǫ−1
(7.10) LξΓabc = Γ
a
bc,pξ
p
−ξa;<e>T
e
cb+Γ
a
peξ
pΓebc−ξ
e
;<c>T
a
be−Γ
e
pcξ
pΓabe+ξ
a
;<cb>−Γ
a
pc,bξ
p
From (7.10) and (2.4) it follows
LξΓabc = Γ
a
cb,pξ
p
− Γacp,bξ
p
+ ΓapeΓ
e
bcξ
p
3:T
− ΓaepΓ
e
bcξ
p
3
+ ΓaepΓ
e
bcξ
p
4:T
− ΓaepΓ
e
cbξ
p
4
+ ΓaepΓ
e
cbξ
p
− ΓepcΓ
a
beξ
p
1:T
+ ΓepcΓ
a
ebξ
p
1
− ΓaebΓ
e
pcξ
p
2:T
+ ΓaebΓ
e
cpξ
p
2
− ΓaebΓ
e
cpξ
p
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb> − T
a
cp,bξ
p
− T abc,pξ
p
LξΓabc = Γ
a
cb,pξ
p
− Γacp,bξ
p + ΓaepΓ
e
cbξ
p
− ΓaebΓ
e
cpξ
p
− T apeΓ
e
bcξ
p
4:T
− ΓaepT
e
bcξ
p
1
− ΓepcT
a
ebξ
p
3:T
− ΓaebT
e
cpξ
p
2
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
− T acp;<b>ξ
p + ΓaebT
e
cpξ
p
2
− ΓecbT
a
epξ
p
4
− ΓepbT
a
ceξ
p
5:T
− T abc;<p>ξ
p + ΓaepT
e
bcξ
p
1
− ΓebpT
a
ecξ
p
5
− ΓecpT
a
beξ
p
3
(7.11)
From (7.11) and [11]-(4.23) it follows
LξΓabc = R
a
cpbξ
p
− T ecpT
a
ebξ
p
− T apeT
e
cbξ
p
− T ebpT
a
ceξ
p
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
− T acp;<b>ξ
p
− T abc;<p>ξ
p
LξΓabc = −R
a
cbpξ
p
− (T aebT
e
cp + T
a
epT
e
bc + T
a
ecT
e
pb)ξ
p
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
− T acp;<b>ξ
p
− T abc;<p>ξ
p
(7.12)
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From (7.12) and (8.1) it follows
LξΓabc = R
a
cpbξ
p
1
−Rabcpξ
p
−Rapbcξ
p
−Racpbξ
p
1
+ T abc:<p>ξ
p
3
+ T apb;<c>ξ
p + T acp;<b>ξ
p
2
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
− T acp;<b>ξ
p
2
− T abc;<p>ξ
p
3
(7.13) LξΓabc = −R
a
bcpξ
p
−Rapbcξ
p
− T abp;<c>ξ
p
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
We substitute (2.6) into (7.13)
(7.14) LξΓabc = −R
a
bcpξ
p
− T abp;<c>ξ
p
− T ecbξ
a
;<e>
1
− T abeξ
e
;<c> − T
p
bcξ
a
;<p>
1
+ ξa;<bc>
(7.4) follows from (7.14). 
Corollary 7.3. Lie derivative of connection in Rieman space has form
(7.15) LξΓ
a
bc = −R
a
cbpξ
p + ξa;cb
Proof. (7.15) follows from (7.4) when T abc = 0 
8. Bianchi Identity
Theorem 8.1. The first Bianchi identity for the space with torsion has form
T kij;<m> + T
k
mi;<j> + T
k
jm;<i> + T
k
piT
p
jm + T
k
pmT
p
ij + T
k
pjT
p
mi
= Rkjmi +R
k
ijm +R
k
mij
(8.1)
Proof. Differential of equation (2.3) has form
T kij,mθ
m
∧ θi ∧ θj = (Γkji,m − Γ
k
ij,m)θ
m
∧ θi ∧ θj
Two forms are equal when their coefficients are equal. Therefore
T kij,m + T
k
mi,j + T
k
jm,i = Γ
k
ji,m − Γ
k
ij,m + Γ
k
im,j − Γ
k
mi,j + Γ
k
mj,i − Γ
k
jm,i
We express derivatives using covariant derivatives and change order of terms
T kij;<m> − Γ
k
pmT
p
ij
4
+ ΓpimT
k
pj
2:T
− ΓpjmT
k
pi
3:T
+ T kmi;<j> − Γ
k
pjT
p
mi
5
+ ΓpmjT
k
pi
3
− ΓpijT
k
pm
1:T
+ T kjm;<i> − Γ
k
piT
p
jm
6
+ ΓpjiT
k
pm
1
− ΓpmiT
k
pj
2
= Γkji,m − Γ
k
jm,i + Γ
k
pmΓ
p
ji − Γ
k
piΓ
p
jm − Γ
k
pmΓ
p
ji
4
+ ΓkpiΓ
p
jm
6
+ Γkim,j − Γ
k
ij,m + Γ
k
pjΓ
p
im − Γ
k
pmΓ
p
ij − Γ
k
pjΓ
p
im
5
+ ΓkpmΓ
p
ij
4
+ Γkmj,i − Γ
k
mi,j + Γ
k
piΓ
p
mj − Γ
k
pjΓ
p
mi − Γ
k
piΓ
p
mj
6
+ ΓkpjΓ
p
mi
5
T kij;<m> + T
p
miT
k
pj + T
p
jmT
k
pi + T
k
mi;<j> + T
p
ijT
k
pm + T
k
jm;<i>
= Rkjmi +R
k
ijm +R
k
mij
(8.2)
(8.1) follows from (8.2). 
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If we get a derivative of form [11]-(4.22) we will see that the second Bianchi
identity does not depend on the torsion.
9. Killing Vector
Invariance of the metric tensor g under the infinitesimal coordinate transforma-
tion (7.1) leads to the Killing equation.
Theorem 9.1. Killing equation in the metric-affine manifold has form
(9.1) ξk;<a>gkb + ξ
k
;<b>gka + T
l
kaglbξ
k + T lkbglaξ
k + gab;<k>ξ
k = 0
Proof. Invariance of the metric tensor g means that its Lie derivative equal 0
(9.2) Lξgab = 0
(9.1) folows from (9.2) and (7.2). 
Theorem 9.2. The condition of invariance of the connection in the metric-affine
manifold has form
ξa;<bc> = R
a
bcpξ
p + T abp;<c>ξ
p + T abpξ
p
;<c>(9.3)
Proof. Because connection is invariant under the infinitesimal transformation we
have
(9.4) LξΓabc = 0
(9.3) follows from (9.4) and (7.4). 
We call equation (9.3) the Killing equation of second type and vector ξa
Killing vector of second type.
Theorem 9.3. Killing vector of second type satisfies equation
0 = Rabcpξ
p +Racpbξ
p +Rapbcξ
p
+ T abp;cξ
p + T apc;bξ
p + T pcbξ
a
;<p> + T
a
bpξ
p
;<c> + T
a
pcξ
p
;<b>
(9.5)
Proof. From (9.3) and (2.6) it follows that
Rapbcξ
p
− T
p
bcξ
a
;<p> = R
a
cbpξ
p + T acp;<b>ξ
p + T acpξ
p
;<b>
−Rabcpξ
p
− T abp;<c>ξ
p
− T abpξ
p
;<c>
(9.6)
(9.5) follows from (9.6). 
Corollary 9.4. The Killing equation of second type in the Riemann space is the
identity. The connection in the Riemann space is invariant under any infinitesimal
transformation (7.1)
Proof. First of all the torsion is 0. The rest is the consequence of the first Bianchi
identity. 
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10. Cartan Transport
Theorems 5.2 and 6.1 state that the movement along a line causes an additional
to the parallel transport transformation of a vector. This transformation is very im-
portant and we call it the Cartan transport. We introduce the Cartan symbol
Γ(C)ikl =
1
2
gim(gkl;m − gkm;l − gml;k)
and the Cartan connection︷︸︸︷
Γikl = Γ
i
kl − Γ(C)
i
kl = Γ
i
kl −
1
2
gim(gkl;m − gkm;l − gml;k)
Using the Cartan connection we can write the Cartan transport as
dai = −
︷︸︸︷
Γikl a
kdxl
Respectively we define the Cartan derivative︷︸︸︷
∇l a
i = ai;{l} = ∂la
i +
︷︸︸︷
Γikl a
k
︷︸︸︷
D ai = dai +
︷︸︸︷
Γikl a
kdxl
Theorem 10.1. The Cartan transport along an extreme line holds length of the
tangent vector.
Proof. Let
vi =
dxi
ds
be the tangent vector to an extreme curve. From theorem 5.2 it follows that
Dvl
ds
=
1
2
gil (gkj;i − gik;j − gij;k) v
kvj
and
Dgklv
kvl
ds
=
Dgkl
ds
vkvl + gkl
Dvk
ds
vl + gklv
kDv
l
ds
=
= gkl;pv
pvkvl+
+gklg
ik 1
2
(grj;i − gir;j − gij;r) v
rvjvl+
+gklv
kgil
1
2
(grj;i − gir;j − gij;r) v
rvj =
= gkl;pv
pvkvl + (grj;l − glr;j − glj;r) v
rvjvl = 0
Therefore the length of the vector vi does not change along the extreme curve. 
We extend the Cartan transport to any geometrical object like we do for the
parallel transport.
Theorem 10.2.
gij;{l} = 0
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Proof. ︷︸︸︷
∇l gij = ∂lgij −
︷︸︸︷
Γkil gkj −
︷︸︸︷
Γkjl gik =
= gij;l +
1
2
gkm(gil;m − gim;l − gml;i)gkj +
1
2
gkm(gjl;m − gjm;l − gml;j)gik = 0

The Cartan connection
︷︸︸︷
Γikl differs from the connection Γ
i
kl by additional term
which is symmetric tensor. For any connection we introduce standard way de-
rivative and curvature. Statemants of geometry and physics have the same form
independently of whether I use the connection Γikl or the Cartan connection. To
show this we can generalize the idea of the Cartan connection and consider connec-
tion defined by equation
(10.1) Γikl = Γ
i
kl +A
i
kl
where A is 0, or the Cartan symbol or any other symmetric tensor. Respectively
we define the derivative
∇la
i = ai;<l> = ∂la
i + Γikla
k
Dai = dai + Γikla
kdxl
and curvature
(10.2) Rabij = ∂iΓ
a
bj − ∂jΓ
a
bi + Γ
a
ciΓ
c
bj − Γ
a
cjΓ
c
bi
This connection has the same torsion
(10.3) T acb = Γ
a
bc − Γ
a
cb
In this context theorem 10.1 means that extreme line is geodesic line for the
Cartan connection.
Theorem 10.3. Curvature of connection (10.1) has form
(10.4) Rabde = R
a
bde +A
a
be;d −A
a
bd;e +A
a
cdA
c
be −A
a
ceA
c
bd + S
p
deA
a
bp
where Rabde is curvature of connection Γ
i
kl
15
Metric-Affine Manifold
Aleks Kleyn
Proof.
Rabde = Γ
a
be,d − Γ
a
bd,e + Γ
a
cd Γ
c
be − Γ
a
ce Γ
c
bd
= Γabe,d +A
a
be,d − Γ
a
bd,e −A
a
bd,e
+ (Γacd +A
a
cd)(Γ
c
be +A
c
be)− (Γ
a
ce +A
a
ce)(Γ
c
bd +A
c
bd)
= Γabe,d +A
a
be,d − Γ
a
bd,e −A
a
bd,e
+ ΓacdΓ
c
be + Γ
a
cdA
c
be +A
a
cdΓ
c
be +A
a
cdA
c
be
− ΓaceΓ
c
bd −A
a
ceΓ
c
bd − Γ
a
ceA
c
bd −A
a
ceA
c
bd
= Rabde + A
a
be,d −A
a
bd,e
+ ΓacdA
c
be +A
a
cdΓ
c
be +A
a
cdA
c
be
−AaceΓ
c
bd − Γ
a
ceA
c
bd −A
a
ceA
c
bd
= Rabde
+Aabe;d − Γ
a
pdA
p
be
2
+ ΓpbdA
a
pe
4
+ ΓpedA
a
bp
1:S
−Aabd;e + Γ
a
peA
p
bd
3
− ΓpbeA
a
pd
5
− ΓpdeA
a
bp
1
+ ΓacdA
c
be2
+ ΓcbeA
a
cd5
+AacdA
c
be
− ΓcbdA
a
ce4
− ΓaceA
c
bd3
−AaceA
c
bd

Corollary 10.4. Cartan curvature has next form︷︸︸︷
Rabde = R
a
bde − Γ(C)
a
be;d + Γ(C)
a
bd;e
+ Γ(C)acdΓ(C)
c
be − Γ(C)
a
ceΓ(C)
c
bd − T
p
deΓ(C)
a
bp
(10.5)
11. Newton’s Laws: Scalar Potential
The knowledge of dynamics of a point particle is important for us because we
can study how the particle interacts with external fields as well as the properties
of the particle itself.
To study the movement of a point particle we can use a potential of a certain
field. The potential may be scalar or vector.
In case of scalar potential we assume that a point particle has rest mass m and
we use lagrangian function in the following form
L = −mcds− Udx0
where U is scalar potential or potential energy.
Theorem 11.1. (First Newton law) If U = 0 (therefore we consider free move-
ment) a body chooses trajectory with extreme length.
Theorem 11.2. (Second Newton law) A trajectory of point particle satisfies
the differential equation
(11.1)
︷︸︸︷
D ul
ds
=
u0
mc
F l
uj =
dxl
ds
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where we introduced force
(11.2) F l = gil
∂U
∂xi
Proof. Using (5.2), we can write variation of the lagrangian as
1
2
mc (gkl;i − gik;l − gil;k)u
kujds−mcgijDu
j +
∂U
∂xi
dx0 = 0
The statement of the theorem follows from this. 
12. Newton’s Laws: Vector Potential
In section 11 we learned dynamics when potential is scalar. However in electro-
dynamics we have vector potential Ak. In this case action is
S =
∫ t2
t1
(
−mcds−
e
c
Aldx
l
)
Ac = gcdA
d
Theorem 12.1. The trajectory of a particle moving in the vector field satisfies the
differential equation ︷︸︸︷
D uj
ds
=
e
mc2
gijFliu
l
uj =
dxl
ds
where we introduce a field-strength tensor
Fdc = Ad;c −Ac;d + S
p
dcAp =
︷︸︸︷
∇c Ad −
︷︸︸︷
∇d Ac + S
p
dcAp
Proof. Using (5.2), we can write the variation of the action as
δS =
=
∫ t2
t1
(
−mc
(
1
2
(gkj;i − gij;k − gik;j) u
kujds− gijDu
j
)
δxi −
e
c
(
δAldx
l +Alδdx
l
))
We can estimate the second term like
−
e
c
(
Al,kdx
lδxk +Aldδx
l
)
=
= −
e
c
(
Al;kdx
lδxk + ΓplkApdx
lδxk +Aldδx
l
)
=
= −
e
c
(
Ak;ldx
lδxk + (Al;k −Ak;l) dx
lδxk + SplkApdx
lδxk + ΓpklApdx
lδxk +Aldδx
l
)
=
= −
e
c
(
DAkδx
k +AkDδx
k + (Al;k −Ak;l) dx
lδxk + SplkApdx
lδxk
)
=
= −
e
c
(
d
(
Akδx
k
)
+ (Al;k −Ak;l + S
p
lkAp) dx
lδxk
)
The integral of the underlined term is 0 because points, when t = t1 and t = t2,
are fixed. Therefore
−mc
(
1
2
(gkj;i − gij;k − gik;j)u
kujds− gijDu
j
)
−
e
c
Flidx
l = 0
The statement of the theorem follows from this. 
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The dependence of field-strength tensor on derivative of metric follows from this
theorem. It changes form of Einstein equation and momentum of gravitational field
appears in case of vector field.
Theorem 12.2. A field-strength tensor does not change when vector potential
changes like
A′j = Aj + ∂jΛ
where Λ is an arbitrary function of x.
Proof. Change in a field-strength tensor is
(∂dΛ);c − (∂cΛ);d + S
p
dc∂pΛ =
∂cdΛ− Γ
p
dc∂pΛ− ∂dcΛ + Γ
p
cd∂pΛ + S
p
dc∂pΛ = 0
This proves the theorem. 
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Ìåòðèêî-àèííîå ìíîãîîáðàçèå
Àëåêñàíäð Êëåéí
Àííîòàöèÿ. Ìû áóäåì íàçûâàòü ìíîãîîáðàçèå ñ êðó÷åíèåì è íåìåòðè÷-
íîñòüþ ìåòðèêî-àèííûì ìíîãîîáðàçèåì. Íåìåòðè÷íîñòü ïðèâîäèò ê
ðàçëè÷èþ ìåæäó àâòîïàðàëëåëüíûìè è ýêñòðåìàëüíûìè êðèâûìè è ê èç-
ìåíåíèþ â âûðàæåíèè ïåðåíîñà Ôðåíå è ïîäâèæíîãî áàçèñà. Êðó÷åíèå
ïðèâîäèò ê èçìåíåíèþ â óðàâíåíèè Êèëèíãà. Íàì íóæíî òàêæå äîáàâèòü
àíàëîãè÷íîå óðàâíåíèå äëÿ ñâÿçíîñòè.
Àíàëèç ïåðåíîñà Ôðåíå âåä¼ò ê êîíöåïöèè ïåðåíîñà Êàðòàíà è ââåäå-
íèþ ñâÿçíîñòè, ñîâìåñòèìîé ñ ìåòðè÷åñêèì òåíçîðîì. Äèíàìèêà ÷àñòèöû
ïðèâîäèò ê ïåðåíîñó Êàðòàíà. Íåîáõîäèìû äîïîëíèòåëüíûå èçè÷åñêèå
óñëîâèÿ, ÷òîáû ñäåëàòü íåìåòðè÷íîñòü íàáëþäàåìîé.
1. Òåíçîð êðó÷åíèÿ â îáùåé òåîðèè îòíîñèòåëüíîñòè
Òåñíàÿ ñâÿçü ìåæäó ìåòðè÷åñêèì òåíçîðîì è ñâÿçíîñòüþ ÿâëÿåòñÿ îñíîâîé
ðèìàíîâîé ãåîìåòðèè. Â òî æå âðåìÿ, ñâÿçíîñòü è ìåòðèêà, êàê ëþáîé ãåî-
ìåòðè÷åñêèé îáúåêò, ÿâëÿþòñÿ îáúåêòîì èçìåðåíèÿ. Êîãäà èëüáåðò âûâîäèë
óðàâíåíèå Ýéíøòåéíà, îí îïðåäåëèë ëàãðàíæèàí, â êîòîðîì ìåòðè÷åñêèé òåí-
çîð è ñâÿçíîñòü íåçàâèñèìû. Ïîçæå èëüáåðò îáíàðóæèë, ÷òî ñâÿçíîñòü ñèì-
ìåòðè÷íà, è íàø¼ë çàâèñèìîñòü ìåæäó ñâÿçíîñòüþ è ìåòðè÷åñêèì òåíçîðîì.
Îäíà èç ïðè÷èí ýòîãî - ïðîñòîòà ëàãðàíæèàíà.
Àíàëèç êâàíòîâîé òåîðèè ïîëÿ ïîêàçûâàåò,÷òî ëèáî ñèììåòðèÿ ñâÿçíîñòè,
ëèáî çàâèñèìîñòü ñâÿçíîñòè è ìåòðèêè ìîãóò áûòü íàðóøåíû, ïîñêîëüêó íåèç-
áåæíû îøèáêè èçìåðåíèÿ. Ýòî äîïóùåíèå ïðèâîäèò ê ìåòðèêî-àèííîìó
ìíîãîîáðàçèþ, êîòîðîå ÿâëÿåòñÿ ïðîñòðàíñòâîì ñ êðó÷åíèåì è íåíóëåâîé êî-
âàðèàíòíîé ïðîèçâîäíîé ìåòðè÷åñêîãî òåíçîðà (ðàçäåë 2). Íåçàâèñèìîñòü ìåò-
ðè÷åñêîãî òåíçîðà è ñâÿçíîñòè ïîçâîëÿåò íàì âèäåòü, êàêèå îáúåêòû îòâåò-
ñòâåííû çà ðàçëè÷íûå ÿâëåíèÿ â ãåîìåòðèè è, ñëåäîâàòåëüíî, â èçèêå. Äàæå
íåñìîòðÿ íà òî, ÷òî ìû íå äîêàçàëè ýìïèðè÷åñêè ñóùåñòâîâàíèå êðó÷åíèÿ è
íåìåòðè÷íîñòè, ìû âèäèì çäåñü î÷åíü èíòåðåñíóþ ãåîìåòðèþ.
Ìåòðèêî-àèííîå ìíîãîîáðàçèå ïîÿâëÿåòñÿ â ðàçíûõ èçè÷åñêèõ ïðèëî-
æåíèÿõ. Î÷åíü âàæíî ïîíÿòü êàêîâà ãåîìåòðèÿ ýòîãî ïðîñòðàíñòâà, êàê êðó÷å-
íèå ìîæåò âëèÿòü íà èçè÷åñêèå ïðîöåññû. Èìåííî ïîýòîìó íåáîëüøàÿ ãðóïïà
èçèêîâ ïðîäîëæàåò èçó÷àòü òåîðèþ ãðàâèòàöèè ñ êðó÷åíèåì [1, 2, 3, 4, 5℄.
Key words and phrases. Dierential geometry, general relativity, ìåòðèêî-àèííîå ìíî-
ãîîáðàçèå, ïåðåíîñ Ôðåíå, extreme line, Killing equation, Lie derivative.
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Ìåòðèêî-àèííîå ìíîãîîáðàçèå
Àëåêñàíäð Êëåéí
Â ÷àñòíîñòè, ìû èìååì äâà ðàçëè÷íûõ îïðåäåëåíèÿ ãåîäåçè÷åñêîé â ðèìà-
íîâîì ìíîãîîáðàçèå. Ìû ìîæåì ðàññìàòðèâàòü ãåîäåçè÷åñêóþ ëèáî êàê êðè-
âóþ ýêñòðåìàëüíîé äëèíû (ñîîòâåòñòâóþùóþ êðèâóþ ìû íàçûâàåì ýêñòðå-
ìàëüíîé), ëèáî êàê êðèâóþ, âäîëü êîòîðîé êàñàòåëüíûé âåêòîð ïåðåíîñèòñÿ
ïàðàëëåëüíî, îñòàâàÿñü êàñàòåëüíûì ê êðèâîé (ñîîòâåòñòâóþùóþ êðèâóþ ìû
íàçûâàåì àâòîïàðàëëåëüíîé). Íåìåòðè÷íîñòü ïðèâîäèò ê òîìó, ÷òî ïàðàëëåëü-
íûé ïåðåíîñ íå ñîõðàíÿåò äëèíó âåêòîðà è óãîë ìåæäó âåêòîðàìè. Ýòî ïðè-
âîäèò ê ðàçëè÷èþ ìåæäó îïðåäåëåíèÿìè àâòîïàðàëëåëüíîé è ýêñòðåìàëüíîé
êðèâûõ ([6℄ è ðàçäåë 5) è ê èçìåíåíèþ â âûðàæåíèè ïåðåíîñà Ôðåíå. Èçìåíåíèå
ãåîìåòðèè âëèÿåò íà âòîðîé çàêîí Íüþòîíà, êîòîðûé ìû èçó÷àåì â ðàçäåëå 11.
ß ïîêàçûâàþ â òåîðåìàõ 10.1 è 11.1, ÷òî ñâîáîäíî ïàäàþùàÿ ÷àñòèöà ïðåäïî-
÷èòàåò ýêñòðåìàëüíóþ êðèâóþ, ïåðåíîñÿ ñâîé èìïóëüñ âäîëü òðàåêòîðèè áåç
èçìåíåíèÿ.
Ôîðìà âòîðîãî çàêîíà Íüþòîíà çàâèñèò îò âûáîðà îðìû ïîòåíöèàëà. Â
ñëó÷àå ñêàëÿðíîãî ïîòåíöèàëà âòîðîé çàêîí Íüþòîíà ñîõðàíÿåò ñîîòíîøåíèå
ìåæäó ñèëîé, ìàññîé è óñêîðåíèåì. Â ñëó÷àå âåêòîðíîãî ïîòåíöèàëà àíàëèç
äâèæåíèÿ â ãðàâèòàöèîííîì ïîëå ïîêàçûâàåò, ÷òî òåíçîð íàïðÿæ¼ííîñòè ïîëÿ
çàâèñèò îò ïðîèçâîäíîé ìåòðè÷åñêîãî òåíçîðà.
Íåìåòðè÷íîñòü çíà÷èòåëüíî èçìåíÿåò çàêîí äâèæåíèÿ â ïðîñòðàíñòâå âðå-
ìåíè îðòîãîíàëüíîãî áàçèñà. Îäíàêêî èçó÷åíèå ïàðàëëåëüíîãî ïåðåíîñà â ïðî-
ñòðàíñòâå ñ íåìåòðè÷íîñòüþ ïîçâîëÿåò íàì ââåñòè ïåðåíîñ Êàðòàíà è ââåäåíèå
ñâÿçíîñòè, ñîâìåñòèìîé ñ ìåòðè÷åñêèì òåíçîðîì (ðàçäåë 10). Ïåðåíîñ Êàðòà-
íà ñîõðàíÿåò áàçèñ îðòîíîðìàëüíûì è ýòî äåëàåò åãî âàæíûì èíñòðóìåíòîì â
äèíàìèêå (ðàçäåë 11), òàê êàê íàáëþäàòåëü èñïîëüçóåò îðòîíîðìàëüíûé áàçèñ
êàê èíñòðóìåíò èçìåðåíèÿ. Äèíàìèêà ÷àñòèöû îñíîâàíà íà ïåðåíîñå Êàðòà-
íà. Òîãäà ïîÿâëÿåòñÿ âîïðîñ. Ìû ìîæåì èçìåíèòü ñâÿçíîñòü êàê ìû ïîêàçà-
ëè â ðàçäåëå 10. Ïî÷åìó ìû äîëæíû èçó÷àòü ìíîãîîáðàçèÿ ñ ïðîèçâîëüíîé
ñâÿçíîñòüþ è ìåòðè÷åñêèì òåíçîðîì? Èçó÷åíèå ìåòðèêî-àèííîãî ìíîãîîá-
ðàçèÿ ïîêàçûâàåò, ïî÷åìó âñ¼ ðàáîòàåò õîðîùî â ðèìàíîâîì ìíîãîîáðàçèè è
÷òî ìåíÿåòñÿ â îáùåì ñëó÷àå. Ê êàêîãî ðîäà ðàçëè÷íûå èçè÷åñêèå ÿâëåíèÿ
ÿâëÿþòñÿ ñëåäñòâèåì ðàçëè÷íûõ ñâÿçíîñòåé? Ôèçè÷åñêèå îãðàíè÷åíèÿ, êîòî-
ðûå ïîÿâëÿþòñÿ â ìîäåëè, ìîãóò âåñòè ê ïîÿâëåíèþ íåìåòðè÷íîñòè [4, 7, 8℄.
Òàê êàê ïåðåíîñ Êàðòàíà - åñòåñòâåííûé ìåõàíèçì ñîõðàíåíèÿ îðòîãîíàëüíî-
ñòè, ìû îæèäàåì, ÷òî ìû áóäåì èíòåðïðåòèðîâàòü îòêëîíåíèå ïðîáíîé ÷àñòè-
öû îò ýêñòðåìàëüíîé êðèâîé êàê ðåçóëüòàò ñèëû, âíåøíåé ïî îòíîøåíèþ ê
ýòîé ÷àñòèöå
1
. Â ýòîì ñëó÷àå ðàçëè÷èå ìåæäó äâóìÿ òèïàìè ïåðåíîñà ñòàíî-
âèòñÿ èçìåðèìûì è îñìûñëåííûì. Â ïðîòèâíîì ñëó÷àå äðóãîé òèï ïåðåíîñà
è íåìåòðè÷íîñòü íå íàáëþäàåìû è ìû ìîæåì ïîëüçîâàòüñÿ òîëüêî ïåðåíîñîì,
ñîâìåñòèìûì ñ ìåòðèêîé.
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Íàïðèìåð, åñëè ìû ðàñïðîñòðàíèì îïðåäåëåíèå (11.2) ñèëû íà îáùèé ñëó÷àé (11.1),
ìû ìîæåì èíòåðïðåòèðîâàòü îòêëîíåíèå çàðÿæ¼ííîé ÷àñòèöû â ýëåêòðîìàãíèòíîì ïîëå êàê
ðåçóëüòàò ñèëû
F j =
e
cu0
gijFliu
l
Àíàëîãè÷íî, ìû ìîæåì èíòåðïðåòèðîâàòü îòêëîíåíèå àâòîïàðàëëåëüíîé êðèâîé êàê ñèëó
F i = −
mc
u0
Γ(C)iklu
kul
ß íàïîìèíàþ, ÷òî ñèìâîë Êàðòàíà - òåíçîð
2
Àëåêñàíäð Êëåéí
Ìåòðèêî-àèííîå ìíîãîîáðàçèå
ß âèæó åù¼ îäíó âîçìîæíîñòü. Êàê ñëåäóåò èç ñòàòüè [7℄, êðó÷åíèå ìîæåò
çàâèñåòü îò êâàíòîâûõ ñâîéñòâ ìàòåðèè. Òåì íå ìåíåå, êðó÷åíèå ÿâëÿåòñÿ ÷à-
ñòüþ ñâÿçíîñòè. Ñëåäîâàòåëüíî, ñâÿçíîñòü ìîæåò òàêæå çàâèñåòü îò êâàíòîâûõ
ñâîéñòâ ìàòåðèè. Ýòî ìîæåò ïðèâåñòè ê íàðóøåíèþ ïåðåíîñà Êàðòàíà. Îäíàêî
ýòà âîçìîæíîñòü òðåáóåò äîïîëíèòåëüíîãî èñëåäîâàíèÿ.
Êðó÷åíèå è íåìåòðè÷íîñòü èìåþò èíòåãðàëüíûå ýåêòû. Îíè ìîãóò áûòü
ìàëûìè, íî èçìåðèìûìè. Ìû ìîæåì íàáëþäàòü ýòè ýåêòû íå òîëüêî â ñèëü-
íûõ ïîëÿõ, ïîäîáíûõ ÷¼ðíîé äûðå èëè áîëüøîìó âçðûâó, íî òàêæå â îáû÷íûõ
óñëîâèÿõ. Èçó÷åíèå ãåîìåòðèè è ëèíàìèêè òî÷å÷íîé ÷àñòèöû äà¼ò íàì âîç-
ìîæíîñòü ïðîâåðèòü ýòó òî÷êó çðåíèÿ. Åñòü ñìûñë ïðîâåðèòü ýòó òåîðèþ â
óñëîâèÿõ, êîãäà ñïèí êâàíòîâîãî ïîëÿ íàêîïëåí. Ìû ìîæåì ïðîâåðèòü îòêëî-
íåíèå îò âòîðîãî çàêîíà Íüþòîíà ëèáî èçìåðèòü êðó÷åíèå, íàáëþäàÿ äâèæåíèå
äâóõ ðàçëè÷íûõ ûàñòèö.
×òîáû ïðîâåðèòü, èìååò ëè ïðîñòðàíñòâî âðåìÿ êðó÷åíèå, ìû ìîæåì ïðî-
âåðèòü âîçìîæíîñòü ïîñòðîèòü ïàðàëëåëîãðàìì â ïðîñòðàíñòâå âðåìåíè. Ìû
ìîæåì âçÿòü äâå ÷àñòèöû èëè äâà îòîíà, êîòîðûå íà÷èíàþò ñâî¼ äâèæåíèå
èç îäíîé è òîé æå òî÷êè è, ïîëüçóÿñü çåðêàëîì, çàñòàâèòü èõ äâèãàòüñÿ âäîëü
ïðîòèâîïîëîæíûõ ñòîðîí ïàðàëëåëîãðàììà. Ìû ìîæåì íà÷àòü ýòîò ýêñïåðè-
ìåíò, êîãäà êâàíòîâîãî ïîëÿ íåò, è çàòåì ïîâòîðèòü ýêñïåðèìåíò â ïðèñóòñòâèè
êâàíòîâîãî ïîëÿ. Åñëè ÷àñòèöû âñòðåòÿòñÿ â îäíîì è òîì æå ìåñòå èëè ìû èìå-
åì îäèíàêîâóþ èíòåðåðåíöèþ, òî ìû èìååì êðó÷åíèå ðàâíîå 0 â ýòîé ñðåäå.
Â ÷àñòíîñòè, êðó÷åíèå ìîæåò äåéñòâîâàòü íà ïîâåäåíèå âèðòóàëüíûõ ÷àñòèö.
×òîáû ïðîâåðèòü, èìååò ëè ïðîñòðàíñòâî âðåìÿ íåìåòðè÷íîñòü, ìû ìîæåì
èçìåðèòü îòêëîíåíèå ýêñòðåìàëüíîé êðèâîé îò àâòîïàðàëëåëüíîé ëèáî îòêëî-
íåíèå åäèíè÷íîãî âåêòîðà ñêîðîñòè îò åãî ïàðàëëåëüíîãî ïåðåíîñà.
2. Ìåòðèêî-àèííîå ìíîãîîáðàçèå
Â ñëó÷àå ñâÿçíîñòè [11℄-(4.2) ìû îïðåäåëèì îðìó êðó÷åíèå
(2.1) T a = d2xa + ωab ∧ dx
b
Èç [11℄-(4.2) ñëåäóåò
(2.2) ωab ∧ dx
b = (Γabc − Γ
a
cb)dx
c
∧ dxb
Ïîäñòàâëÿÿ (2.2) è [11℄-(4.14) â (2.1) ìû ïîëó÷èì
(2.3) T a = T acbdx
c
∧ dxb = −cacbdx
c
∧ dxb + (Γabc − Γ
a
cb)dx
c
∧ dxb
ãäå ìû îïðåäåëèëè òåíçîð êðó÷åíèå
(2.4) T acb = Γ
a
bc − Γ
a
cb − c
a
cb
Êîììóòàòîð âòîðûõ ïðîèçâîäíûõ èìååò âèä
(2.5) uα;kl − u
α
;lk = R
α
βlku
β
− T
p
lku
α
;p
Èç (2.5) ñëåäóåò, ÷òî
(2.6) ξa;cb − ξ
a
;bc = R
a
dbcξ
d
− T
p
bcξ
a
;p
Â ðèìàíîâîì ïðîñòðàíñòâå ìû have metri tensor gij è ñâÿçíîñòü Γ
k
ij . Îäíî
èç ñâîéñòâ ðèìàíîâà ïðîñòðàíñòâà - ýòî ñèììåòðèÿ ñâÿçíîñòè è ðàâåíñòâî íó-
ëþ êîâàðèàíòíîé ïðîèçâîäíîé ìåòðèêè. Ýòî ïîðîæäàåò òåñíóþ ñâÿçü ìåæäó
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Ìåòðèêî-àèííîå ìíîãîîáðàçèå
Àëåêñàíäð Êëåéí
ìåòðèêîé è ñâÿçíîñòüþ. However ñâÿçíîñòü is not neessarily symmetri è êî-
âàðèàíòíàÿ ïðîèçâîäíàÿ ìåòðè÷åñêîãî òåíçîðà ìîæåò áûòü îòëè÷íà îò 0. Â
ïîñëåäíåì ñëó÷àå ìû ââîäèì íåìåòðè÷íîñòü
(2.7) Q
ij
k = g
ij
;k = g
ij
,k + Γ
i
pkg
pj + Γjpkg
ip
Òàê êàê ïðîèçâîäíàÿ ìåòðè÷åñêîãî òåíçîðà íå ðàâíà 0, ìû íå ìîæåì ïîä-
íèìàòü èëè îïóñêàòü èíäåêñ òåíçîðà âíóòðè ïðîèçâîäíîé êàê ìû ýòî äåëàåì â
îáû÷íîì ðèìàíîâîì ïðîñòðàíñòâå. Òåïåðü ýòà îïåðàöèÿ ïðèíèìàåò ñëåäóþùèé
âèä
ai;k = g
ijaj;k + g
ij
;kaj
Ýòî ðàâåíñòâî äëÿ ìåòðè÷åñêîãî òåíçîðà ïðèíèìàåò ñëåäóþùèé âèä
gab;k = −g
aigbjgij;k
Îïðåäåëåíèå 2.1. Ìû áóäåì íàçûâàòü ìíîãîîáðàçèå ñ êðó÷åíèåì è íåìåò-
ðè÷íîñòüþ ìåòðèêî-àèííûì ìíîãîîáðàçèåì [1℄. 
Åñëè ìû èçó÷àåì ïîäìíîãîîáðàçèå Vn ìíîãîîáðàçèÿ Vn+m, ìû âèäèì, ÷òî
èìåðñèÿ ïîðîæäàåò ñâÿçíîñòü Γαβγ , êîòîðàÿ ñâÿçàíà ñî ñâÿçíîñòüþ â ìíîãîîá-
ðàçèè ñîîòíîøåíèåì
Γαβγe
l
α = Γ
l
mke
m
β e
k
γ +
∂elβ
∂uγ
Ñëåäîâàòåëüíî, íå ñóùåñòâóåò íåïðåðûâíîãî âëîæåíèÿ ïðîñòðàíñòâà ñ êðó÷å-
íèåì â ðèìàíîâî ïðîñòðàíñòâî.
3. åîìåòðè÷åñêèé ñìûñë êðó÷åíèÿ
Ïðåäïîëîæèì, ÷òî a è b - íåêîëèíåàðíûå âåêòîðû â òî÷êå A (ñì. èã. 3.1).
Ìû ïðîâåä¼ì ãåîäåçè÷åñêóþ La ÷å-
ðåç òî÷êó A, èñïîëüçóÿ âåêòîð a
êàê êàñàòåëüíûé âåêòîð ê La â òî÷-
êå A. Ïóñòü τ - êàíîíè÷åñêèé ïàðà-
ìåòð íà La è
dxk
dτ
= ak
Ìû ïåðåíåñ¼ì âåêòîð b âäîëü ãåî-
äåçè÷åñêîé La èç òî÷êè A â òî÷êó
B, îïðåäåë¼ííóþ çíà÷åíèåì ïàðà-
ìåòðà τ = ρ > 0. Ìû îáîçíà÷èì
ðåçóëüòàò b′.
Ìû ïðîâåä¼ì ãåîäåçè÷åñêóþ Lb ÷å-
ðåç òî÷êó A, èñïîëüçóÿ âåêòîð b
êàê êàñàòåëüíûé âåêòîð ê Lb â òî÷-
êå A. Ïóñòü ϕ - êàíîíè÷åñêèé ïàðà-
ìåòð íà Lb è
dxk
dϕ
= bk
Ìû ïåðåíåñ¼ì âåêòîð a âäîëü ãåî-
äåçè÷åñêîé Lb èç òî÷êè A â òî÷êó
D, îïðåäåë¼ííóþ çíà÷åíèåì ïàðà-
ìåòðà ϕ = ρ > 0. Ìû îáîçíà÷èì
ðåçóëüòàò a′.
Ìû ïðîâåä¼ì ãåîäåçè÷åñêóþ Lb′
÷åðåç òî÷êó B, èñïîëüçóÿ âåêòîð
b′ êàê êàñàòåëüíûé âåêòîð ê Lb′ â
òî÷êå B. Ïóñòü ϕ′ - êàíîíè÷åñêèé
ïàðàìåòð íà Lb′ è
dxk
dϕ′
= b′k
Ìû îïðåäåëèì òî÷êó C íà ãåîäå-
çè÷åñêîé Lb′ çíà÷åíèåì ïàðàìåòðà
ϕ′ = ρ
Ìû ïðîâåä¼ì ãåîäåçè÷åñêóþ La′
÷åðåç òî÷êó D, èñïîëüçóÿ âåêòîð
a′ êàê êàñàòåëüíûé âåêòîð ê La′ â
òî÷êå D. Ïóñòü τ ′ - êàíîíè÷åñêèé
ïàðàìåòð íà La′ è
dxk
dτ ′
= a′k
Ìû îïðåäåëèì òî÷êó E íà ãåîäå-
çè÷åñêîé La′ çíà÷åíèåì ïàðàìåòðà
τ ′ = ρ
4
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A
a
b
B
b′
a′
C
D
E





* QQ
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

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èñ. 3.1. Meaning of Torsion
Ôîðìàëüíî ëèíèè AB è DE òàê æå, êàê ëèíèè AD è BC, ïàðàëëåëüíû.
Äëèíû îòðåçêîâ AB è DE ðàâíû òàê æå, êàê äëèíû îòðåçêîâ AD è BC ðàâíû.
Ìû íàçûâàåì òàêóþ èãóðó ïàðàëëåëîãðàììîì, ïîñòðîåííûì íà âåêòîðàõ
a è b ñ âåðøèíîé â òî÷êå A.
Òåîðåìà 3.1. Ïðåäïîëîæèì CBADE - ïàðàëëåëîãðàì ñ âåðøèíîé â òî÷êå
A; òîãäà ïîñòðîåííàÿ èãóðà íå áóäåò çàìêíóòà [6℄. Âåëè÷èíà ðàçëè÷èÿ êî-
îðäèíàò òî÷åê C è E ðàâíà ïîâåðõíîñòíîìó èíòåãðàëó êðó÷åíèÿ íàä ýòèì
ïàðàëëåëîãðàììîì
2
∆CEx
k =
∫∫
T kmndx
m
∧ dxn
Äîêàçàòåëüñòâî. Ìû ìîæåì íàéòè ïðèðàùåíèå êîîðäèíàòû xk âäîëü ãåîäå-
çè÷åñêîé â âèäå
∆xk =
dxk
dτ
τ +
1
2
d2xk
dτ2
τ2 +O(τ2) =
=
dxk
dτ
τ −
1
2
Γkmn
dxm
dτ
dxn
dτ
τ2 +O(τ2)
ãäå τ - êàíîíè÷åñêèé ïàðàìåòð è ìû âû÷èñëÿåì ïðîèçâîäíûå è êîìïîíåíòû
Γkmn â íà÷àëüíîé òî÷êå. Â ÷àñòíîñòè
∆ABx
k = akρ−
1
2
Γkmn(A)a
manρ2 +O(ρ2)
âäîëü ãåîäåçè÷åñêîé La è
(3.1) ∆BCx
k = b′kρ−
1
2
Γkmn(B)b
′mb′nρ2 +O(ρ2)
âäîëü ãåîäåçè÷åñêîé Lb′ . Çäåñü
(3.2) b′k = bk − Γkmn(A)b
mdxn +O(dx)
ðåçóëüòàò ïàðàëëåëüíîãî ïåðåíîñà bk èç A â B è
(3.3) dxk = ∆ABx
k = akρ
2
Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ ÿ íàø¼ë â [9℄
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ñ òî÷íîñòüþ äî ìàëîé ïåðâîãî ïîðÿäêà. Ïîäñòàâëÿÿ (3.3) â (3.2) è (3.2) â (3.1),
ìû ïîëó÷èì
∆BCx
k = bkρ− Γkmn(A)b
manρ2 −
1
2
Γkmn(B)b
mbnρ2 +O(ρ2)
Îáùåå ïðèðàùåíèå êîîðäèíàòû xK âäîëü ïóòè ABC èìååò âèä
∆ABCx
k = ∆ABx
k +∆BCx
k =
(3.4) = (ak + bk)ρ− Γkmn(A)b
manρ2−
−
1
2
Γkmn(B)b
mbnρ2 −
1
2
Γkmn(A)a
manρ2 +O(ρ2)
Àíàëîãè÷íî îáùåå ïðèðàùåíèå êîîðäèíàòû xK âäîëü ïóòè ADE èìååò âèä
∆ADEx
k = ∆ADx
k +∆DEx
k =
(3.5) = (ak + bk)ρ− Γkmn(A)a
mbnρ2−
−
1
2
Γkmn(D)a
manρ2 −
1
2
Γkmn(A)b
mbnρ2 +O(ρ2)
Èç (3.4) è (3.5) ñëåäóåò, ÷òî
∆ADEx
k
−∆ABCx
k =
= Γkmn(A)b
manρ2 +
1
2
Γkmn(B)b
mbnρ2
1
+
1
2
Γkmn(A)a
manρ2
2
−
−Γkmn(A)a
mbnρ2 −
1
2
Γkmn(D)a
manρ2
2
−
1
2
Γkmn(A)b
mbnρ2
1
+O(ρ2)
Äëÿ äîñòàòî÷íî ìàëîãî çíà÷åíèÿ ρ ïîä÷¼ðêíóòûå ñëàãàåìûå âçàèìíî óíè÷òî-
æàþòñÿ è ìû ïîëó÷àåì èíòåãðàëüíóþ ñóììó äëÿ âûðàæåíèÿ
∆ADEx
k
−∆ABCx
k =
∫∫
Σ
(Γknm − Γ
k
mn)dx
m
∧ dxn
Îäíàêî íåäîñòàòî÷íî íàéòè ðàçíîñòü
∆ADEx
k
−∆ABCx
k
÷òîáû íàéòè ðàçíîñòü êîîðäèíàò òî÷åê C è E. Êîîðäèíàòû ìîãóò áûòü íåãî-
ëîíîìíûìè è ìû äîëæíû ó÷åñòü, ÷òî êîîðäèíàòû âäîëü çàìêíóòîãî ïóòè èç-
ìåíÿþòñÿ [11℄-(4.15)
∆xk =
∮
ECBADE
dxk = −
∫∫
Σ
ckmndx
m
∧ dxn
ãäå c - îáúåêò íåãîëîíîìíîñòè.
Îêîí÷àòåëüíî ðàçíîñòü êîîðäèíàò òî÷åê C è E èìååò âèä
∆CEx
k = ∆ADEx
k
−∆ABCx
k +∆xk =
∫∫
Σ
(Γknm − Γ
k
mn − c
k
mn)dx
m
∧ dxn
Èñïîëüçóÿ (2.4), ìû äîêàçàëè óòâåðæäåíèå. 
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4. Ñîîòíîøåíèå ìåæäó ñâÿçíîñòüþ è ìåòðèêîé
Ñåé÷àñ ìû õîòèì íàéòè, êàê ìû ìîæåì âûðàçèòü ñâÿçíîñòü, åñëè èçâåñòíû
ìåòðèêà è êðó÷åíèå. Ñîãëàñíî îïðåäåëåíèþ
−Qkij = gij;k = gij,k − Γ
p
ikgpj − Γ
p
jkgpi
−Qkij = gij,k − Γ
p
ikgpj − Γ
p
kjgpi − S
p
jkgpi
Ïåðåíåñ¼ì ïðîèçâîäíóþ g è êðó÷åíèå â ëåâóþ ÷àñòü.
(4.1) gij,k +Qkij − S
p
jkgpi = Γ
p
ikgpj + Γ
p
kjgpi
Ìåíÿÿ ïîðÿäîê èíäåêñîâ, ìû çàïèøåì åù¼ äâà óðàâíåíèÿ
(4.2) gjk,i +Qijk − S
p
kigpj = Γ
p
jigpk + Γ
p
ikgpj
(4.3) gki,j +Qjki − S
p
ijgpk = Γ
p
kjgpi + Γ
p
jigpk
Åñëè ìû âû÷òåì ðàâåíñòâî (4.1) èç ñóììû ðàâåíñòâ (4.2) è (4.1), òî ìû ïîëó÷èì
gki,j + gjk,i − gij,k +Qijk +Qjki −Qkij − S
p
ijgpk − S
p
kigpj + S
p
jkgpi = 2Γ
p
jigpk
Îêîí÷àòåëüíî ìû ïîëó÷àåì
Γpji =
1
2
gpk(gki,j + gjk,i − gij,k +Qijk +Qjki −Qkij − S
r
ijgrk − S
r
kigrj + S
r
jkgri)
5. Êðèâàÿ ýêñòðåìàëüíîé äëèíû
Ñóùåñòâóåò äâà ðàçíûõ îïðåäåëåíèÿ ãåîäåçè÷åñêîé â ðèìàíîâîì ìíîãîîá-
ðàçèè. Îäíî èç íèõ îïèðàåòñÿ íà ïàðàëëåëüíûé ïåðåíîñ. Ìû áóäåì íàçûâàòü
ñîîòâåòñòâóþùóþ êðèâóþ àâòîïàðàëëåëüíîé. Äðóãîå îïðåäåëåíèå îïèðà-
åòñÿ íà äëèíó òðàåêòîðèè. Ìû áóäåì íàçûâàòü ñîîòâåòñòâóþùóþ êðèâóþ
ýêñòðåìàëüíîé. Â ìåòðèêî-àèííîì ìíîãîîáðàçèå ýòè ëèíèè èìåþò ðàç-
ëè÷íûå óðàâíåíèÿ [6℄. Óðàâíåíèå àâòîïàðàëëåëüíîé êðèâîé íå ìåíÿå. Îäíàêî,
óðàâíåíèå ýêñòðåìàëüíîé êðèâîé ìåíÿåòñÿ
3
.
Òåîðåìà 5.1. Ïóñòü xi = xi(t, α) - êðèâàÿ, çàâèñÿùàÿ îò ïàðàìåòðà α, ñ
èêñèðîâàííûìè òî÷êàìè ïðè t = t1 è t = t2, è ìû îïðåäåëÿåì å¼ äëèíó êàê
(5.1) s =
∫ t2
t1
√
gij
dxi
dt
dxj
dt
dt
Òîãäà
(5.2) δs =
∫ t2
t1
(
1
2
(gkj;i − gik;j − gij;k)
dxk
ds
dxj
ds
ds− gijD
dxj
ds
)
δxi
ãäå δxk - èçìåíåíèå äëèíû, êîãäà α ìåíÿåòñÿ.
3
×òîáû âûâåñòè óðàâíåíèå (5.3), ÿ ñëåäóþ èäåÿì, êîòîðûå àøåâñêèé [10℄ èñïîëüçîâàë
äëÿ èìàíîâà ìíîãîîáðàçèÿ
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Äîêàçàòåëüñòâî. Èìååì
ds
dt
=
√
gij
dxi
dt
dxj
dt
è
δs =
∫ t2
t1
δ
(
gij
dxi
dt
dxj
dt
)
2 ds
dt
dt
Ìû ìîæåì îöåíèòü çíàìåíàòåëü ýòîé äðîáè
gij,kδx
k dx
i
dt
dxj
dt
+ 2gijδ
dxi
dt
dxj
dt
=
= gij;kδx
kdxidt
dxj
dt
+ 2gijΓ
i
lkδx
k dx
l
dt
dxj
dt
+ 2gijd
δxi
dt
dxj
dt
=
= gij;kδx
k dx
i
dt
dxj
dt
+ 2gij
Dδxi
dt
dxj
dt
è ìû èìååì
δs =
∫ t2
t1
gij;kδx
kdxi dx
j
dt
+ 2gijDδx
i dx
j
dt
2 ds
dt
=
∫ t2
t1
(
1
2
gij;kδx
kdxi
dxj
ds
+ gijDδx
i dx
j
ds
)
=
∫ t2
t1
(
1
2
gkj;iδx
i dx
k
ds
ds
dxj
ds
+ d
(
gijδx
i dx
j
ds
)
− gij;k
dxk
ds
ds
dxj
ds
δxi − gijD
dxj
ds
δxi
)
=
(
gijδx
i dx
j
ds
)∣∣∣∣
t2
t1
+
∫ t2
t1
(
1
2
(gkj;i − gij;k − gik;j)
dxk
ds
dxj
ds
ds− gijD
dxj
ds
)
δxi
Ïåðâîå ñëàãàåìîå ðàâíî 0, òàê êàê òî÷êè, ãäå t = t1 è t = t2, çàèêñèðîâàíû.
Ñëåäîâàòåëüíî, ìû äîêàçàëè óòâåðæäåíèå òåîðåìû. 
Òåîðåìà 5.2. Ýêñòðåìàëüíàÿ êðèâàÿ óäîâëåòâîðÿåò óðàâíåíèþ
(5.3)
D dx
l
ds
ds
=
1
2
gil (gkj;i − gik;j − gij;k)
dxk
ds
dxj
ds
Äîêàçàòåëüñòâî. ×òîáû íàéòè ëèíèþ ýêñòðåìàëüíîé äëèíû, ìû âîñïîëüçó-
åìñÿ óíêöèîíàëîì (5.1). Òàê êàê δs = 0, òî
1
2
(gkj;i − gij;k − gik;j)
dxk
ds
dxj
ds
ds− gijD
dxj
ds
= 0
ñëåäóåò èç (5.2). 
Òåîðåìà 5.3. Ïàðàëëåëüíûé ïåðåíîñ âäîëü ýêñòðåìàëüíîé êðèâîé ñîõðàíÿåò
äëèíó êàñàòåëüíîãî âåêòîðà.
Äîêàçàòåëüñòâî. Ïóñòü
vi =
dxi
ds
- êàñàòåëüíûé âåêòîð ê ýêñòðåìàëüíîé êðèâîé. Èç òåîðåìû 5.2 ñëåäóåò, ÷òî
Dvl
ds
= gil
1
2
(gkj;i − gik;j − gij;k) v
kvj
è
Dgklv
kvl
ds
=
Dgkl
ds
vkvl + gkl
Dvk
ds
vl + gklv
kDv
l
ds
=
8
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= gkl;pv
pvkvl+
+gklg
ik 1
2
(grj;i − gir;j − gij;r) v
rvjvl + gklv
kgil
1
2
(grj;i − gir;j − gij;r) v
rvj =
= gkl;pv
pvkvl + (grj;l − glr;j − glj;r) v
rvjvl = 0
Ñëåäîâàòåëüíî äëèíà âåêòîðà vi íå ìåíÿåòñÿ âäîëü ýêñòðåìàëüíîé êðèâîé. 
6. Ïåðåíîñ Ôðåíå
Âñå óðàâíåíèÿ, êîòîðûå ìû âûâîäèëè äî ñèõ ïîð, ðàçëè÷íû, îäíàêî îíè
èìåþò íå÷òî îáùåå â ñâîåé ñòðóêòóðå. Âñå ýòè óðàâíåíèÿ âûðàæàþò äâèæåíèå
âäîëü êðèâîé è â èõ ïðàâîé ÷àñòè ìû ìîæåì âèäåòü êðèâèçíó ýòîé êðèâîé.
Ïî îïðåäåëåíèþ, êðèâèçíà êðèâîé ðàâíà
ξ(s) =
∣∣∣∣∣
D dx
l
ds
ds
∣∣∣∣∣
Ñëåäîâàòåëüíî, ìû ìîæåì îïðåäåëèòü åäèíè÷íûé âåêòîð e1 òàêîé, ÷òî
D dx
l
ds
ds
= ξel1
Çíàíèå ïåðåíîñà áàçèñà âäîëü êðèâîé î÷åíü âàæíî, òàê êàê ýòî ïîçâîëÿåò
íàì èçó÷àòü êàê èçìåíÿåòñÿ ïðîñòðàíñòâî âðåìÿ, êîãäà íàáëþäàòåëü ñîâåðøàåò
äâèæåíèå. Íàøà çàäà÷à - íàéòè óðàâíåíèÿ, ïîäîáíûå ïåðåíîñó Ôðåíå â ðèìà-
íîâîì ïðîñòðàíñòâå. Ìû ñòðîèì ñîïóòñòâóþùèé áàçèñ νik òàêèì æå îáðàçîì,
êàê ìû ýòî äåëàåì â ðèìàíîâîì ïðîñòðàíñòâå.
Âåêòîðû
ξi(t) =
dxi(t)
dt
,
Dξi
dt
, ...
Dn−1ξi
dtn−1
âîîáùå ãîâîðÿ, ëèíåéíî íåçàâèñèìû. Ìû íàçûâàåì ïëîñêîñòü, ïîñòðîåííóþ íà
áàçå ïåðâûõ p âåêòîðîâ, p-îé ñîïðèêàñàþùåéñÿ ïëîñêîñòüþ Rp. Ýòà ïëîñêîñòü
íå çàâèñèò îò âûáîðà ïàðàìåòðà t.
Íàøà ñëåäóþùàÿ çàäà÷à - ïîñòðîèòü îðòîãîíàëüíûé áàçèñ, êîòîðûé ïîêà-
æåò íàì, êàê êðèâàÿ èçìåíÿåòñÿ. Ìû áåð¼ì âåêòîð νi1 ∈ R1 òàê, ÷òî îí êà-
ñàòåëåí ê êðèâîé. Ìû áåð¼ì âåêòîð νip ∈ Rp, p > 1 òàê, ÷òî ν
i
p îðòîãîíàëåí
Rp−1. Åñëè èñõîäíàÿ êðèâàÿ íå èçîòðîïíà, òî êàæäûé ν
i
p òàêæå íå èçîòðîïåí è
ìû ìîæåì âçÿòü åäèíè÷íûé âåêòîð â òîì æå íàïðàâëåíèè. Ìû íàçûâàåì ýòîò
áàçèñ ñîïóòñòâóþùèì.
Òåîðåìà 6.1. Ïåðåíîñ Ôðåíå â ìåòðèêî-àèííîì ìíîãîîáðàçèè èìååò
âèä
Dνip
dt
=
1
2
gim(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
p−
−ǫpǫp−1ξp−1ν
i
p−1 + ξpν
i
p+1
(6.1)
ǫk = sign(gpqν
p
kν
q
k)
Çäåñü νak - âåêòîð áàçèñà, äâèæóùåãîñÿ âäîëü êðèâîé,
ǫk = sign(gpqν
p
kν
q
k)
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Äîêàçàòåëüñòâî. Ìû îïðåäåëÿåì âåêòîðû νak òàêèì îáðàçîì, ÷òî
(6.2)
Dνip
dt
=
1
2
gim(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
p + a
q
pν
i
q
ãäå aqp = 0, êîãäà q > p + 1. Òåïåðü ìû ìîæåì îïðåäåëèòü êîýèöèåíòû a
q
p.
Åñëè ìû âîçüì¼ì ïðîèçâîäíóþ óðàâíåíèÿ
gijν
i
pν
j
p = const
è ïîäñòàâèì (6.2), ìû ïîëó÷èì óðàâíåíèå
dgijν
i
aν
j
b
ds
=
Dgij
ds
νiaν
j
b + gij
Dνia
ds
ν
j
b + gijν
i
a
Dν
j
b
ds
=
= gij;kν
k
1 ν
i
aν
j
b+
+gij(
1
2
gim(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
a + a
q
aν
i
q)ν
j
b+
+gijν
i
a(
1
2
gjm(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
b + a
q
bν
i
q) =
= gij;kν
k
1 ν
i
aν
j
b+
+gij
1
2
gim(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
aν
j
b + gija
q
aν
i
qν
j
b+
+gijν
i
a
1
2
gjm(gkl;m − gkm;l − gml;k)ν
k
1 ν
l
b + gijν
i
aa
q
bν
i
q =
=
1
2
νk1 ν
i
aν
j
b (2gij;k + gki;j − gkj;i − gji;k + gkj;i − gki;j − gij;k)+
+ǫba
b
a ++ǫaa
a
b = 0
aqp = 0, êîãäà q > p+1 ïî îïðåäåëåíèþ. Ñëåäîâàòåëüíî a
q
p = 0, êîãäà q < p+1.
Ïîëàãàÿ ξp = a
p+1
p , ìû ïîëó÷èì
a
p
p+1 = −ǫpǫp+1ξp
Êîãäà q = p, ìû ïîëó÷èì
ap,p = 0
Ìû ïîëó÷èì (6.1), êîãäà ïîäñòàâèì aqp â (6.2). 
7. Ïðîèçâîäíàÿ Ëè
Âåêòîðíîå ïîëå ξk íà ìíîãîîáðàçèè ïîðîæäàåò èíèíèòåçèìàëüíîå ïðåîá-
ðàçîâàíèå
(7.1) x′k = xk + ǫξk
êîòîðîå âåä¼ò ê ïðîèçâîäíîé Ëè. Ïðîèçâîäíàÿ Ëè ãîâîðèò íàì, êàê îáúåêò
èçìåíÿåòñÿ, êîãäà ìû äâèæåìñÿ âäîëü âåêòîðíîãî ïîëÿ.
Òåîðåìà 7.1. Ïðîèçâîäíàÿ Ëè ìåòðèêè èìååò âèä
(7.2) Lξgab = ξ
k
;<a>gkb + ξ
k
;<b>gka + T
l
kaglbξ
k + T lkbglaξ
k + gab;<k>ξ
k
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Äîêàçàòåëüñòâî. Ìû íà÷í¼ì ñ ïðåîáðàçîâàíèÿ (7.1). Òîãäà
gab(x
′) = gab(x) + gab,cǫξ
c
g′ab(x
′) =
∂xc
∂x′a
∂xd
∂x′b
gcd(x)
= gab − ǫξ
c
,agcb − ǫξ
c
,bgac
Ñîãëàñíî îïðåäåëåíèþ ïðîèçâîäíîé Ëè, ìû èìååì
Lξgab = gab(x
′)− g′ab(x
′)
= gab,cǫξ
c + ǫξc,agcb + ǫξ
c
,bgac
= (gab;<c> + Γdacgdb + Γ
d
bcgad)ǫξ
c
+ ǫ(ξc;<a> − Γ
c
daξ
d)gcb + ǫ(ξ
c
;<b> − Γ
c
dbξ
d)gac
Lξgab = gab;<c>ξ
c + Γdacgdbξ
c + Γdbcgadξ
c
+ ξc;<a>gcb − Γ
c
daξ
dgcb + ξ
c
;<b>gac − Γ
c
dbξ
dgac
(7.3)
(7.2) ñëåäóåò èç (7.3) è (2.4). 
Òåîðåìà 7.2. Ïðîèçâîäíàÿ Ëè ñâÿçíîñòè èìååò âèä
(7.4) LξΓ
a
bc = −R
a
bcpξ
p
− T abp;<c>ξ
p
− T abeξ
e
;<c> + ξ
a
;<bc>
Äîêàçàòåëüñòâî. Ìû íà÷í¼ì ñ ïðåîáðàçîâàíèÿ (7.1). Òîãäà
Γabc(x
′) = Γabc(x
′) +Aabc(x
′)
= Γabc(x) + Γ
a
bc,pǫξ
p +Aabc(x) +A
a
bc,pǫξ
p
= Γabc(x) + Γ
a
bc,pǫξ
p
(7.5)
Γ′abc(x
′) = Γ′abc(x
′) +A′abc(x
′)
=
∂x′a
∂xe
∂xf
∂x′b
∂xg
∂x′c
Γefg(x) +
∂x′a
∂xe
∂2xe
∂x′b∂x′c
+
∂x′a
∂xe
∂xf
∂x′b
∂xg
∂x′c
Aefg(x)
= Γabc + ǫξ
a
,eΓ
e
bc − ǫξ
e
,bΓ
a
ec − ǫξ
e
,cΓ
a
be + (δ
a
e + ǫξ
a
,e)(−ǫξ
e
,cb))
+Aabc + ǫξ
a
,eA
e
bc − ǫξ
e
,bA
a
ec − ǫξ
e
,cA
a
be
(7.6) Γ′abc(x
′) = Γabc + ǫξ
a
,eΓ
e
bc − ǫξ
e
,bΓ
a
ec − ǫξ
e
,cΓ
a
be − ǫξ
a
,cb
Ïî îïðåäåëåíèþ
ξa;<e> = ξ
a
,e + Γ
a
peξ
p
(7.7) ξa,e = ξ
a
;<e> − Γ
a
peξ
p
ξa;<ef> = ξ
a
;<e>,f + Γ
a
pfξ
p
;<e> − Γ
p
efξ
a
;<p>
= ξa,ef + Γ
a
pe,fξ
p + Γapeξ
p
,f + Γ
a
pfξ
p
;<e> − Γ
p
efξ
a
;<p>
= ξa,ef + Γ
a
pe,fξ
p + Γapeξ
p
;<f> − Γ
a
peΓ
p
rfξ
r + Γapfξ
p
;<e> − Γ
p
ef ξ
a
;<p>
(7.8) ξa,ef = ξ
a
;<ef> − Γ
a
pe,f ξ
p
− Γapeξ
p
;<f> + Γ
a
peΓ
p
rfξ
r
− Γapfξ
p
;<e> + Γ
p
efξ
a
;<p>
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Ìû ïîäñòàâèì (7.8) è (7.7) â (7.6) è ïîëó÷èì
Γ′abc(x
′)
= Γabc + ǫ(ξ
a
;<e>
4:T
− Γapeξ
p)Γebc − ǫ(ξ
e
;<b>
2
− Γepbξ
p
1
)Γaec − ǫ(ξ
e
;<c>
3:T
− Γepcξ
p)Γabe
− ǫ(ξa;<cb> − Γ
a
pc,bξ
p
− Γapcξ
p
;<b>
2
+ ΓapcΓ
p
rbξ
r
1
− Γapbξ
p
;<c>
3
+ Γpcbξ
a
;<p>
4
)
(7.9) Γ′abc(x
′) = Γabc+ǫ(ξ
a
;<e>T
e
cb−Γ
a
peξ
pΓebc+ξ
e
;<c>T
a
be+Γ
e
pcξ
pΓabe−ξ
a
;<cb>+Γ
a
pc,bξ
p)
Ñîãëàñíî îïðåäåëåíèþ ïðîèçâîäíîé Ëè, ìû èìååì, ïîëüçóÿñü (7.5) è (7.9),
LξΓabc = (Γ
a
bc(x
′)− Γ′abc(x
′))ǫ−1
= (Γabc + Γ
a
bc,pǫξ
p
− Γabc − ǫ(ξ
a
;<e>T
e
cb − Γ
a
peξ
pΓebc + ξ
e
;<c>T
a
be + Γ
e
pcξ
pΓabe − ξ
a
;<cb> + Γ
a
pc,bξ
p))ǫ−1
(7.10) LξΓabc = Γ
a
bc,pξ
p
−ξa;<e>T
e
cb+Γ
a
peξ
pΓebc−ξ
e
;<c>T
a
be−Γ
e
pcξ
pΓabe+ξ
a
;<cb>−Γ
a
pc,bξ
p
Èç (7.10) è (2.4) ñëåäóåò, ÷òî
LξΓabc = Γ
a
cb,pξ
p
− Γacp,bξ
p
+ ΓapeΓ
e
bcξ
p
3:T
− ΓaepΓ
e
bcξ
p
3
+ ΓaepΓ
e
bcξ
p
4:T
− ΓaepΓ
e
cbξ
p
4
+ ΓaepΓ
e
cbξ
p
− ΓepcΓ
a
beξ
p
1:T
+ ΓepcΓ
a
ebξ
p
1
− ΓaebΓ
e
pcξ
p
2:T
+ ΓaebΓ
e
cpξ
p
2
− ΓaebΓ
e
cpξ
p
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb> − T
a
cp,bξ
p
− T abc,pξ
p
LξΓabc = Γ
a
cb,pξ
p
− Γacp,bξ
p + ΓaepΓ
e
cbξ
p
− ΓaebΓ
e
cpξ
p
− T apeΓ
e
bcξ
p
4:T
− ΓaepT
e
bcξ
p
1
− ΓepcT
a
ebξ
p
3:T
− ΓaebT
e
cpξ
p
2
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
− T acp;<b>ξ
p + ΓaebT
e
cpξ
p
2
− ΓecbT
a
epξ
p
4
− ΓepbT
a
ceξ
p
5:T
− T abc;<p>ξ
p + ΓaepT
e
bcξ
p
1
− ΓebpT
a
ecξ
p
5
− ΓecpT
a
beξ
p
3
(7.11)
èç (7.11) è [11℄-(4.23) ñëåäóåò, ÷òî
LξΓabc = R
a
cpbξ
p
− T ecpT
a
ebξ
p
− T apeT
e
cbξ
p
− T ebpT
a
ceξ
p
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
− T acp;<b>ξ
p
− T abc;<p>ξ
p
LξΓabc = −R
a
cbpξ
p
− (T aebT
e
cp + T
a
epT
e
bc + T
a
ecT
e
pb)ξ
p
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
− T acp;<b>ξ
p
− T abc;<p>ξ
p
(7.12)
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èç (7.12) è (8.1) ñëåäóåò, ÷òî
LξΓabc = R
a
cpbξ
p
1
−Rabcpξ
p
−Rapbcξ
p
−Racpbξ
p
1
+ T abc:<p>ξ
p
3
+ T apb;<c>ξ
p + T acp;<b>ξ
p
2
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
− T acp;<b>ξ
p
2
− T abc;<p>ξ
p
3
(7.13) LξΓabc = −R
a
bcpξ
p
−Rapbcξ
p
− T abp;<c>ξ
p
− ξa;<e>T
e
cb − ξ
e
;<c>T
a
be + ξ
a
;<cb>
Ìû ïîäñòàâèì (2.6) â (7.13)
(7.14) LξΓabc = −R
a
bcpξ
p
− T abp;<c>ξ
p
− T ecbξ
a
;<e>
1
− T abeξ
e
;<c> − T
p
bcξ
a
;<p>
1
+ ξa;<bc>
(7.4) ñëåäóåò èç (7.14). 
Ñëåäñòâèå 7.3. Ïðîèçâîäíàÿ Ëè ñâÿçíîñòè â ðèìàíîâîì ïðîñòðàíñòâå èìå-
åò âèä
(7.15) LξΓ
a
bc = −R
a
cbpξ
p + ξa;cb
Äîêàçàòåëüñòâî. (7.15) ñëåäóåò èç (7.4), êîãäà T abc = 0 
8. Òîæäåñòâî Áèàíêè
Òåîðåìà 8.1. Ïåðâîå òîæäåñòâî Áèàíêè äëÿ ïðîñòðàíñòâà ñ êðó÷åíèåì èìå-
åò âèä
T kij;<m> + T
k
mi;<j> + T
k
jm;<i> + T
k
piT
p
jm + T
k
pmT
p
ij + T
k
pjT
p
mi
= Rkjmi +R
k
ijm +R
k
mij
(8.1)
Äîêàçàòåëüñòâî. Äèåðåíöèàë ðàâåíñòâà (2.3) èìååò âèä
T kij,mθ
m
∧ θi ∧ θj = (Γkji,m − Γ
k
ij,m)θ
m
∧ θi ∧ θj
Äâå îðìû ðàâíû, êîãäà èõ êîýèöèåíòû ðàâíû. Ñëåäîâàòåëüíî
T kij,m + T
k
mi,j + T
k
jm,i = Γ
k
ji,m − Γ
k
ij,m + Γ
k
im,j − Γ
k
mi,j + Γ
k
mj,i − Γ
k
jm,i
Ìû âûðàçèì ïðîèçâîäíûå, ïîëüçóÿñü êîâàðèàíòíûìè ïðîèçâîäíûìè, è èçìå-
íèì ïîðÿäîê ñëàãàåìûõ
T kij;<m> − Γ
k
pmT
p
ij
4
+ ΓpimT
k
pj
2:T
− ΓpjmT
k
pi
3:T
+ T kmi;<j> − Γ
k
pjT
p
mi
5
+ ΓpmjT
k
pi
3
− ΓpijT
k
pm
1:T
+ T kjm;<i> − Γ
k
piT
p
jm
6
+ ΓpjiT
k
pm
1
− ΓpmiT
k
pj
2
= Γkji,m − Γ
k
jm,i + Γ
k
pmΓ
p
ji − Γ
k
piΓ
p
jm − Γ
k
pmΓ
p
ji
4
+ ΓkpiΓ
p
jm
6
+ Γkim,j − Γ
k
ij,m + Γ
k
pjΓ
p
im − Γ
k
pmΓ
p
ij − Γ
k
pjΓ
p
im
5
+ ΓkpmΓ
p
ij
4
+ Γkmj,i − Γ
k
mi,j + Γ
k
piΓ
p
mj − Γ
k
pjΓ
p
mi − Γ
k
piΓ
p
mj
6
+ ΓkpjΓ
p
mi
5
T kij;<m> + T
p
miT
k
pj + T
p
jmT
k
pi + T
k
mi;<j> + T
p
ijT
k
pm + T
k
jm;<i>
= Rkjmi +R
k
ijm +R
k
mij
(8.2)
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(8.1) ñëåäóåò èç (8.2). 
Åñëè ìû âîçüì¼ì ïðîèçâîäíóþ îðìû [11℄-(4.22), ìû óâèäèì, ÷òî âòîðîå
òîæäåñòâî Áèàíêè íå çàâèñèò îò êðó÷åíèÿ.
9. Âåêòîð Êèëèíãà
Èíâàðèàíòíîñòü ìåòðè÷åñêîãî òåíçîðà g ïðè èíèíèòåçèìàëüíîì êîîðäè-
íàòíîì ïðåîáðàçîâàíèè (7.1) ïðèâîäèò ê óðàâíåíèþ Êèëèíãà.
Òåîðåìà 9.1. Óðàâíåíèå Êèëèíãà â ìåòðèêî-àèííîì ìíîãîîáðàçèè èìååò
âèä
(9.1) ξk;<a>gkb + ξ
k
;<b>gka + T
l
kaglbξ
k + T lkbglaξ
k + gab;<k>ξ
k = 0
Äîêàçàòåëüñòâî. Èíâàðèàíòíîñòü ìåòðè÷åñêîãî òåíçîðà g îçíà÷àåò, ÷òî åãî
ïðîèçâîäíàÿ Ëè ðàâíà 0
(9.2) Lξgab = 0
(9.1) folows èç (9.2) è (7.2). 
Òåîðåìà 9.2. Óñëîâèå èíâàðèàíòíîñòè ñâÿçíîñòè â ìåòðèêî-àèííîì ìíî-
ãîîáðàçèè èìååò âèä
ξa;<bc> = R
a
bcpξ
p + T abp;<c>ξ
p + T abpξ
p
;<c>(9.3)
Äîêàçàòåëüñòâî. Òàê êàê ñâÿçíîñòü èíâàðèàíòíà ïðè èíèíèòåçèìàëüíîì ïðå-
îáðàçîâàíèè, ìû èìååì
(9.4) LξΓabc = 0
(9.3) ñëåäóåò èç (9.4) è (7.4). 
Ìû íàçûâàåì óðàâíåíèå (9.3) óðàâíåíèåì Êèëèíãà âòîðîãî ðîäà è âåê-
òîð ξa âåêòîðîì Êèëèíãà âòîðîãî ðîäà.
Òåîðåìà 9.3. Âåêòîðîì Êèëèíãà âòîðîãî ðîäà óäîâëåòâîðÿåò óðàâíåíèþ
0 = Rabcpξ
p +Racpbξ
p +Rapbcξ
p
+ T abp;cξ
p + T apc;bξ
p + T pcbξ
a
;<p> + T
a
bpξ
p
;<c> + T
a
pcξ
p
;<b>
(9.5)
Äîêàçàòåëüñòâî. Èç (9.3) è (2.6) ñëåäóåò, ÷òî
Rapbcξ
p
− T
p
bcξ
a
;<p> = R
a
cbpξ
p + T acp;<b>ξ
p + T acpξ
p
;<b>
−Rabcpξ
p
− T abp;<c>ξ
p
− T abpξ
p
;<c>
(9.6)
(9.5) ñëåäóåò èç (9.6). 
Ñëåäñòâèå 9.4. Óðàâíåíèåì Êèëèíãà âòîðîãî ðîäà â ðèìàíîâîì ïðîñòðàí-
ñòâå ÿâëÿåòñÿ òîæäåñòâîì. Ñâÿçíîñòü â ðèìàíîâîì ïðîñòðàíñòâå èíâàðè-
àãòíà ïðè ëþáîì èíèíèòåçèìàëüíîì ïðåîáðàçîâàíèè (7.1)
Äîêàçàòåëüñòâî. Ïðåæäå âñåãî, êðó÷åíèå ðàâíî 0. Îñòàëüíîå ÿâëÿåòñÿ ñëåä-
ñòâèåì ïåðâîãî òîæäåñòâà Áèàíêè. 
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10. Ïåðåíîñ Êàðòàíà
Òåîðåìû 5.2 è 6.1 óòâåðæäàþò, ÷òî äâèæåíèå âäîëü êðèâîé ïîðîæäàåò ïðå-
îáðàçîâàíèå âåêòîðà, äîïîëíèòåëüíîå ê ïàðàëëåëüíîìó ïåðåíîñó. Ýòî ïðåîá-
ðàçîâàíèå î÷åíü âàæíî è ìû áóäåì íàçûâàòü åãî ïåðåíîñîì Êàðòàíà. Ìû
îïðåäåëèì ñèìâîë Êàðòàíà
Γ(C)ikl =
1
2
gim(gkl;m − gkm;l − gml;k)
è ñâÿçíîñòü Êàðòàíà︷︸︸︷
Γikl = Γ
i
kl − Γ(C)
i
kl = Γ
i
kl −
1
2
gim(gkl;m − gkm;l − gml;k)
Ïîëüçóÿñü ñâÿçíîñòüþ Êàðòàíà, ìû ìîæåì çàïèñàòü ïåðåíîñ Êàðòàíà â âèäå
dai = −
︷︸︸︷
Γikl a
kdxl
Ñîîòâåòñòâåííî, ìû îïðåäåëèì ïðîèçâîäíóþ Êàðòàíà︷︸︸︷
∇l a
i = ai;{l} = ∂la
i +
︷︸︸︷
Γikl a
k
︷︸︸︷
D ai = dai +
︷︸︸︷
Γikl a
kdxl
Òåîðåìà 10.1. Ïåðåíîñ Êàðòàíà âäîëü ýêñòðåìàëüíîé êðèâîé ñîõðàíÿåò äëè-
íó êàñàòåëüíîãî âåêòîðà.
Äîêàçàòåëüñòâî. Ïóñòü
vi =
dxi
ds
- êàñàòåëüíûé âåêòîð ê ýêñòðåìàëüíîé êðèâîé. Èç òåîðåìû 5.2 ñëåäóåò, ÷òî
Dvl
ds
=
1
2
gil (gkj;i − gik;j − gij;k) v
kvj
è
Dgklv
kvl
ds
=
Dgkl
ds
vkvl + gkl
Dvk
ds
vl + gklv
kDv
l
ds
=
= gkl;pv
pvkvl+
+gklg
ik 1
2
(grj;i − gir;j − gij;r) v
rvjvl+
+gklv
kgil
1
2
(grj;i − gir;j − gij;r) v
rvj =
= gkl;pv
pvkvl + (grj;l − glr;j − glj;r) v
rvjvl = 0
Ñëåäîâàòåëüíî äëèíà âåêòîðà vi íå ìåíÿåòñÿ âäîëü ýêñòðåìàëüíîé êðèâîé. 
Ìû ðàñïðîñòðàíèì ïåðåíîñ Êàðòàíà íà ëþáîé ãåîìåòðè÷åñêèé îáúåêò ïî-
äîáíî òîìó, êàê ìû ýòî äåëàåì äëÿ ïàðàëëåëüíîãî ïåðåíîñà.
Òåîðåìà 10.2.
gij;{l} = 0
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Äîêàçàòåëüñòâî.
︷︸︸︷
∇l gij = ∂lgij −
︷︸︸︷
Γkil gkj −
︷︸︸︷
Γkjl gik =
= gij;l +
1
2
gkm(gil;m − gim;l − gml;i)gkj +
1
2
gkm(gjl;m − gjm;l − gml;j)gik = 0

Ñâÿçíîñòü Êàðòàíà
︷︸︸︷
Γikl îòëè÷àåòñÿ îò ñâÿçíîñòè Γ
i
kl íà äîïîëíèòåëüíîå ñëà-
ãàåìîå, êîòîðîå ÿâëÿåòñÿ ñèììåòðè÷íûì òåíçîðîì. Äëÿ ëþáîé ñâÿçíîñòè ìû
îïðåäåëÿåì ñòàíäàðòíûì îáðàçîì ïðîèçâîäíóþ è êðèâèçíó. Óòâåðæäåíèÿ ãåî-
ìåòðèè è èçèêè èìåþò îäíó è òó æå îðìó, íåçàâèñèìî îò òîãî èñïîëüçóþ
ëè ÿ ñâÿçíîñòü Γikl èëè ñâÿçíîñòü Êàðòàíà. ×òîáû ýòî ïîêàçàòü, ìû ìîæåì
îáîáùèòü ïîíÿòèå ñâÿçíîñòè Êàðòàíà è èçó÷àòü ñâÿçíîñòü, îïðåäåë¼ííóþ ðà-
âåíñòâîì
(10.1) Γikl = Γ
i
kl +A
i
kl
ãäå A - ýòî 0, èëè ñèìâîë Êàðòàíà èëè ëþáîé äðóãîé ñèììåòðè÷íûé òåíçîð.
Ñîîòâåòñòâåííî ìû îïðåäåëÿåì ïðîèçâîäíóþ
∇la
i = ai;<l> = ∂la
i + Γikla
k
Dai = dai + Γikla
kdxl
è êðèâèçíó
(10.2) Rabij = ∂iΓ
a
bj − ∂jΓ
a
bi + Γ
a
ciΓ
c
bj − Γ
a
cjΓ
c
bi
Ýòà ñâÿçíîñòü èìååò òîæå êðó÷åíèå
(10.3) T acb = Γ
a
bc − Γ
a
cb
Ñ ýòîé òî÷êè çðåíèÿ òåîðåìà 10.1 îçíà÷àåò, ÷òî ýêñòðåìàëüíàÿ êðèâàÿ ÿâ-
ëÿåòñÿ ãåîäåçè÷åñêîé äëÿ ñâÿçíîñòè Êàðòàíà.
Òåîðåìà 10.3. Êðèâèçíà ñâÿçíîñòè (10.1) èìååò âèä
(10.4) Rabde = R
a
bde +A
a
be;d −A
a
bd;e +A
a
cdA
c
be −A
a
ceA
c
bd + S
p
deA
a
bp
ãäå Rabde - êðèâèçíà ñâÿçíîñòè Γ
i
kl
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Äîêàçàòåëüñòâî.
Rabde = Γ
a
be,d − Γ
a
bd,e + Γ
a
cd Γ
c
be − Γ
a
ce Γ
c
bd
= Γabe,d +A
a
be,d − Γ
a
bd,e −A
a
bd,e
+ (Γacd +A
a
cd)(Γ
c
be +A
c
be)− (Γ
a
ce +A
a
ce)(Γ
c
bd +A
c
bd)
= Γabe,d +A
a
be,d − Γ
a
bd,e −A
a
bd,e
+ ΓacdΓ
c
be + Γ
a
cdA
c
be +A
a
cdΓ
c
be +A
a
cdA
c
be
− ΓaceΓ
c
bd −A
a
ceΓ
c
bd − Γ
a
ceA
c
bd −A
a
ceA
c
bd
= Rabde + A
a
be,d −A
a
bd,e
+ ΓacdA
c
be +A
a
cdΓ
c
be +A
a
cdA
c
be
−AaceΓ
c
bd − Γ
a
ceA
c
bd −A
a
ceA
c
bd
= Rabde
+Aabe;d − Γ
a
pdA
p
be
2
+ ΓpbdA
a
pe
4
+ ΓpedA
a
bp
1:S
−Aabd;e + Γ
a
peA
p
bd
3
− ΓpbeA
a
pd
5
− ΓpdeA
a
bp
1
+ ΓacdA
c
be2
+ ΓcbeA
a
cd5
+AacdA
c
be
− ΓcbdA
a
ce4
− ΓaceA
c
bd3
−AaceA
c
bd

Ñëåäñòâèå 10.4. Êðèâèçíà Êàðòàíà èìååò âèä︷︸︸︷
Rabde = R
a
bde − Γ(C)
a
be;d + Γ(C)
a
bd;e
+ Γ(C)acdΓ(C)
c
be − Γ(C)
a
ceΓ(C)
c
bd − T
p
deΓ(C)
a
bp
(10.5)
11. Çàêîí Íüþòîíà: ñêàëÿðíûé ïîòåíöèàë
Çíàíèå äèíàìèêè òî÷å÷íîé ÷àñòèöû âàæíî äëÿ íàñ, òàê êàê ìû ìîæåì èçó-
÷àòü êàê ÷àñòèöà âçàèìîäåéñòâóåò ñ âíåøíèìè ïîëÿìè, òàê æå êàê ñâîéñòâà
ñàìîé ÷àñòèöû.
×òîáû èçó÷èòü äâèæåíèå òî÷å÷íîé ÷àñòèöû, ìû ìîæåì èñïîëüçîâàòü ïîòåí-
öèàë îïðåäåë¼ííûõ ïîëåé. Ïîòåíöèàë ìîæåò áûòü ñêàëÿðíûì èëè âåêòîðíûì.
Â ñëó÷àå ñêàëÿðíîãî ïîòåíöèàëà ìû ïîëîæèì, ÷òî òî÷å÷íàÿ ÷àñòèöà èìååò
ìàññó ïîêîÿ m è ìû ïîëüçóåìñÿ óíêöèåé Ëàãðàíæà â ñëåäóþùåì âèäå
L = −mcds− Udx0
î ãäå U - ñêàëÿðíûé ïîòåíöèàë èëè ïîòåíöèàëüíàÿ ýíåðãèÿ.
Òåîðåìà 11.1. (Ïåðâûé çàêîí Íüþòîíà) Åñëè U = 0 (ñëåäîâàòåëüíî, ìû
ðàññìàòðèâàåì ñâîáîäíîå äâèæåíèå), òî òåëî âûáèðàåò òðàåêòîðèþ ñ ýêñ-
òðåìàëüíîé äëèíîé.
Òåîðåìà 11.2. (Âòîðîé çàêîí Íüþòîíà) Òðàåêòîðèþ òî÷å÷íîé ÷àñòèöû
óäîâëåòâîðÿåò äèåðåíöèàëüíîìó óðàâíåíèþ
(11.1)
︷︸︸︷
D ul
ds
=
u0
mc
F l
uj =
dxl
ds
17
Ìåòðèêî-àèííîå ìíîãîîáðàçèå
Àëåêñàíäð Êëåéí
ãäå ìû îïðåäåëÿåì ñèëó
(11.2) F l = gil
∂U
∂xi
Äîêàçàòåëüñòâî. Ïîëüçóÿñü (5.2), ìû ìîæåì çàïèñàòü âàðèàöèþ ëàãðàíæèàíà
â âèäå
1
2
mc (gkl;i − gik;l − gil;k)u
kujds−mcgijDu
j +
∂U
∂xi
dx0 = 0
Îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû. 
12. Çàêîí Íüþòîíà: âåêòîðíûé ïîòåíöèàë
Â ðàçäåëå 11 ìû èçó÷èëè äèíàìèêó ñêàëÿðíîãî ïîòåíöèàëà. Îäíàêî â ýëåê-
òðîäèíàìèêå ìû ðàññìàòðèâàåì âåêòîðíûé ïîòåíöèàë Ak. Â ýòîì ñëó÷àå
äåéñòâèå èìååò âèä
S =
∫ t2
t1
(
−mcds−
e
c
Aldx
l
)
Ac = gcdA
d
Òåîðåìà 12.1. Òðàåêòîðèÿ ÷àñòèöû, äâèæóùåéñÿ â âåêòîðíîì ïîëå, óäîâëå-
òâîðÿåò äèåðåíöèàëüíîìó óðàâíåíèþ︷︸︸︷
D uj
ds
=
e
mc2
gijFliu
l
uj =
dxl
ds
ãäå ìû îïðåäåëÿåì òåíçîð íàïðÿæ¼ííîñòè ïîëÿ
Fdc = Ad;c −Ac;d + S
p
dcAp =
︷︸︸︷
∇c Ad −
︷︸︸︷
∇d Ac + S
p
dcAp
Äîêàçàòåëüñòâî. Ïîëüçóÿñü (5.2), ìû ìîæåì çàïèñàòü âàðèàöèþ äåéñòâèÿ â
âèäå
δS =
=
∫ t2
t1
(
−mc
(
1
2
(gkj;i − gij;k − gik;j) u
kujds− gijDu
j
)
δxi −
e
c
(
δAldx
l +Alδdx
l
))
Ìû ìîæåì îöåíèòü âòîðîå ñëàãàåìîå
−
e
c
(
Al,kdx
lδxk +Aldδx
l
)
=
= −
e
c
(
Al;kdx
lδxk + ΓplkApdx
lδxk +Aldδx
l
)
=
= −
e
c
(
Ak;ldx
lδxk + (Al;k −Ak;l) dx
lδxk + SplkApdx
lδxk + ΓpklApdx
lδxk +Aldδx
l
)
=
= −
e
c
(
DAkδx
k +AkDδx
k + (Al;k −Ak;l) dx
lδxk + SplkApdx
lδxk
)
=
= −
e
c
(
d
(
Akδx
k
)
+ (Al;k −Ak;l + S
p
lkAp) dx
lδxk
)
Èíòåãðàë ïîä÷¼ðêíóòîãî ñëàãàåìîãî ðàâåí 0, òàê êàê òî÷êè, êîãäà t = t1 è
t = t2, èêñèðîâàíû. Ñëåäîâàòåëüíî,
−mc
(
1
2
(gkj;i − gij;k − gik;j)u
kujds− gijDu
j
)
−
e
c
Flidx
l = 0
Îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû. 
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Èç ýòîé òåîðåìû ñëåäóåò çàâèñèìîñòü òåíçîðà íàïðÿæ¼ííîñòè ïîëÿ îò ïðî-
èçâîäíîé ìåòðèêè. Ýòî èçìåíÿåò îðìó óðàâíåíèÿ Ýéíøòåéíà è èìïóëüñ ãðà-
âèòàöèííîãî ïîëÿ ïîÿâëÿåòñÿ â ñëó÷àå âåêòîðíîãî ïîëÿ.
Òåîðåìà 12.2. Òåíçîð íàïðÿæ¼ííîñòè ïîëÿ íå èçìåíÿåòñÿ, êîãäà âåêòîðíûé
ïîòåíöèàë èçìåíÿåòñÿ ñîãëàñíî ïðàâèëó
A′j = Aj + ∂jΛ
ãäå Λ - ïðîèçâîëüíàÿ óíêöèÿ x.
Äîêàçàòåëüñòâî. Èçìåíåíèå â òåíçîðå íàïðÿæ¼ííîñòè ïîëÿ èìååò âèä
(∂dΛ);c − (∂cΛ);d + S
p
dc∂pΛ =
∂cdΛ− Γ
p
dc∂pΛ− ∂dcΛ + Γ
p
cd∂pΛ + S
p
dc∂pΛ = 0
Ýòî äîêàçûâåò òåîðåìó. 
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15. Ñïåöèàëüíûå ñèìâîëû è îáîçíà÷åíèÿ
ai
;<l>
ïðîèçâîäíàÿ 16
z}|{
D ai ïðîèçâîäíàÿ Êàðòàíà 15
Dai ïðîèçâîäíàÿ 16
z }| {
Rabde êðèâèçíà Êàðòàíà 17
Ra
bij
êðèâèçíà 16
Γ(C)i
kl
ñèìâîë Êàðòàíà 15
Γi
kl
ñâÿçíîñòü 16
z}|{
Γikl ñâÿçíîñòü Êàðòàíà 15
z}|{
∇l a
i
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i
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